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1D Stellar Evolution versus Observation



Stars have all manner of  

(magneto-)hydrodynamics 

Most stars are not resolved and 

what we know is that mixing 

within radiative zones is the 

biggest problem in explaining stellar  

observations



Angular Momentum Transport by IGW

Start with Momentum Equation 
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Take zonal (longitudinal) average in 2D (x,z)

Take zonal (longitudinal) average
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u(x, z, t) = U + u0(x, z, t)
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Angular Momentum Transport by IGW

u
0 = A cos (2πmx)

<latexit sha1_base64="DOxtbCEL8fuFiZOFjTydplclCLc=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxivITdKOhFiHrxGME8ILuE2clsMmT2wUyvGJbcvPgrXjwo4tVf8ObfOEn2oIkFDUVVN91dXiy4Asv6NnILi0vLK/nVwtr6xuaWub3TUFEiKavTSESy5RHFBA9ZHTgI1oolI4EnWNMbXI/95j2TikfhHQxj5gakF3KfUwJa6pj7ydHFJXZopBzBfChVnJjjAD84kvf6cNwxi1bZmgDPEzsjRZSh1jG/nG5Ek4CFQAVRqm1bMbgpkcCpYKOCkygWEzogPdbWNCQBU246+WOED7XSxX4kdYWAJ+rviZQESg0DT3cGBPpq1huL/3ntBPxzN+VhnAAL6XSRnwgMER6HgrtcMgpiqAmhkutbMe0TSSjo6Ao6BHv25XnSqJTtk3Ll9rRYvcriyKM9dIBKyEZnqIpuUA3VEUWP6Bm9ojfjyXgx3o2PaWvOyGZ20R8Ynz/rnJgU</latexit>

w
0 = B cos (2π (−m)x)

<latexit sha1_base64="U9biv9Lqv//BWJO6OIJ44py50z0=">AAACFHicbZC7SgNBFIZn4y3G26qlzWAQI2LYjYI2QoiNZQRzgWwIs5PZZMjshZmzaljyEDa+io2FIrYWdr6Nk2QLTfxh4OM/53Dm/G4kuALL+jYyC4tLyyvZ1dza+sbmlrm9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHVyN6407JhUPg1sYRqztk17APU4JaKtjHt8fXlawQ0PlCOZBoeREfEonviN5rw9H+CGFjpm3itZEeB7sFPIoVbVjfjndkMY+C4AKolTLtiJoJ0QCp4KNck6sWETogPRYS2NAfKbayeSoET7QThd7odQvADxxf08kxFdq6Lu60yfQV7O1sflfrRWDd9FOeBDFwAI6XeTFAkOIxwnhLpeMghhqIFRy/VdM+0QSCjrHnA7Bnj15Huqlon1aLN2c5cuVNI4s2kP7qIBsdI7K6BpVUQ1R9Iie0St6M56MF+Pd+Ji2Zox0Zhf9kfH5A93SnXg=</latexit>

Consider 2 waves, one with + wavenumber m, one with -m
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Transport AM by the (zonally aveaged)  

Reynolds stress

u
0
w

0 = AB cos (2πmx) cos (2π (−m)x)
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Often called Eliassen-Palm Flux (1960)
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Quasi Biennial Oscillation

Baldwin 2001
clouds/mountains

waves

<P>=28.2mos

Pwave< 3d

*MOTION TOWARD SOURCE

Oscillation of mean zonal wind in equatorial stratosphere of


Earth.  Driven by the nonlinear interaction of low-amplitude


vertically propagating gravity waves interacting with a 


background flow



Plumb-McEwan Experiment 1978

IGW drive mean shear 
flows which oscillate in 

time and migrate 
toward the source of 

the waves.

Bottom boundary 
driven with      4 ±
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Waves in Differential 

Rotation

• Waves are Doppler shifted in a 

differentially rotating medium


• When rotation increasing, a prograde 

(+m) wave will be shifted to lower 

frequencies (damped earlier). 

Conversely, a retrograde wave (-m), 

shifted to higher frequency, 

propagates further (a)


• This enhances differential rotation 

until viscosity destroys shear at 

bottom (b)


• Process repeats (reversed)
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Figure 7. Schematic representation of the evolution of the 

mean flow in Plumb's [1984] analog of the QBO. Four stages of 
a half cycle are shown. Double arrows show wave-driven ac- 

celeration, and single arrows show viscously driven accelera- 

tions. Wavy lines indicate relative penetration of eastward and 

westward waves. After Plumb [1984]. Reprinted with permis- 
sion. 

sion is strong, it is an unstable equilibrium; any small 

deviation from zero will inevitably grow with time. 

Plumb [1977] showed that the zonal-mean wind 

anomalies descend in time, as illustrated in Figure 7. 

Each wave propagates vertically until its group velocity is 
slowed, and the wave is damped as it encounters a shear 
zone where I• - cl is small (• is the zonal-mean wind 
and c is the zonal phase speed of the wave). As the shear 
zone descends (Figure 7a) the layer of eastward winds 
becomes sufficiently narrow that viscous diffusion de- 

stroys the low-level eastward winds. This leaves the 

eastward wave free to propagate to high levels through 
westward mean flow (Figure 7b), where dissipation and 
the resulting eastward acceleration gradually build a new 

eastward regime that propagates downward (Figures 7c 
and 7d). 

The process just described repeats, but with westerly 
shear descending above easterly shear, leading to the 

formation of a low-level easterly jet. When the easterly 

jet decays, the westward wave escapes to upper levels, 
and a new easterly shear zone forms aloft. The entire 

sequence, as described, represents one cycle of a non- 

linear oscillation. The period of the oscillation is deter- 
mined, among other things, by the eastward and west- 

ward momentum flux input at the lower boundary and by 

the amount of atmospheric mass affected by the waves. 
In Plumb's [1977] Boussinesq formulation the QBO pe- 

riod is inversely proportional to momentum flux. The 

same is true in a quasi-compressible atmosphere, but the 
decrease in atmospheric density with height results in a 

substantially shorter period. 

Simple representations such as Plumb's capture the 
essential wave mean-flow interaction mechanism leading 

the QBO. However, they cannot explain why the QBO is 

an equatorial phenomenon (notwithstanding its impor- 
tant links to the extratropics). One reason the QBO is 
equatorially confined may be that it is driven by equa- 

torially trapped waves. However, it is also possible that 
the QBO is driven by additional waves and is confined 

near the equator for another, more fundamental, reason. 

Some simple insights on this point come from consider- 
ing the equations for the evolution of a longitudinally 
symmetric atmosphere subject to mechanical forcing. A 

suitable set of model equations for such a longitudinally 

symmetric atmosphere is as follows: 

ot 
212 sin q>v = F (2) 

2D sin 4) • + 
ROT 

= 0 (3) 
aH Od) 

OT HN 2 

O•- + w -•-= -aT (4) 

1 0 1 0 

a cos q> oq> v cos q> + - (p0w) = 0 (5) p0 • 

Here q> is latitude, D is the angular frequency of the 
Earth's rotation, a is the radius of the Earth, and Po is a 

nominal basic state density proportional to exp (-z/H). 
In (4), N 2 is the square of the buoyancy frequency (a 
measure of static stability), defined as 

R (dTo KTo 1 
N• --• •,•7 -+ H ,•' 

where To is a reference temperature profile depending 

only on z and n = R/Cp, where Cp is the specific heat of 
air at constant pressure. Finally, u is the longitudinal 

component of wind, T is the temperature deviation from 
T 0, and v and w are the latitudinal and vertical compo- 
nents, respectively, of velocity. 

Equation (2) states that the longitudinal acceleration 
is equal to the applied force F (here assumed to be a 
given function of latitude, height, and time), plus the 
Coriolis force associated with the latitudinal velocity. 

The Coriolis force is the important effect of rotation; the 
response to an applied force is not simply an equivalent 
acceleration. Instead, part of the applied force is bal- 
anced by a Coriolis force; how much depends on how 

large a latitudinal velocity is excited. Equation (3) is the 
thermal wind equation coupling the longitudinal velocity 
field and the temperature field, which follows from the 
assumption that the flow is in hydrostatic and geostro- 

phic balance. Equation (4) states that the rate of change 
of temperature is equal to the diabatic heating plus the 

Baldwin et al. 2001 

adapted from Plumb

ω (r) = ωgen +m [Ωgen − Ω (r)]
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• Waves transport AM from where they are generated, to 

where they are dissipated 

• Waves drive shear flows  

What we learn from QBO/Plumb&McEwan

BUT Angular Momentum Transport by IGW cannot 

be treated as a diffusion coefficient (but maybe for 

mixing, see next lecture)

In stars this means waves can efficiently couple (in 

the AM sense) convective and radiative regions
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Waves in Stars (spheres) 
(Zahn et al. 1997)

U (r , θ,φ, t) = Ω (r) ẑ× r+ u (r , θ,φ, t)
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Mean Flow Wave

Zonal Average of Momentum Equation
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How can we estimate this flux in a star?

1. We need to know amplitudes of waves at generation 

(the spectrum) 

2. We need to know how these amplitudes vary with 

radius (propagation) 

3. We need to know how the waves dissipate

Waves in Stars (spheres) 
(Zahn et al. 1997)
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Wave Generation in StarsWave Generation in Stars
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Daniel’s talk: 

waves generated in 

the bulk of the  

convection zone by 

convective eddies 
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Difference between  

here and here mattersThere are other ideas

Plumes/Overshoot

Pincon et al. 2016



Constructing Wave Flux

u0(!, `) / !
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m n

Spectra m n

Flat[F] 0 0
Kumar et al. (1999)[K] -2.17 1

Lecoanet & Quataert (2013)[LD] -4.25 2.5

Rogers et al. (2013)[R] -0.6 -0.9



Wave Propagation in Stars 
(Zahn et al. 1997)

Solve WKB (low frequency, small vertical wavelength) with dissipation

Density Stratification  

Important

Wave Frequencies are 

Doppler Shifted in 

Differential Rotation

Radiative 

Dissipation
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Go back to Momentum, 

Energy, Continuity  

Equations (in spherical 

coordinates,anelastic 

approximation), linearize

d
2
Ψ

dr2
+

✓

N
2

!2
− 1

◆

` (`+ 1)

r2
Ψ = 0

<latexit sha1_base64="Nn2mKAQ8RESJgr+SttWoXa5EuO8="></latexit>

Ψ = ρ
1/2

r
2
uv

<latexit sha1_base64="fkZAspToPCKfP/KiBoTZVVaz8As=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVzWJgm6EohuXFewDmjRMptN26GQmzEwKJRT8FTcuFHHrd7jzb5y2WWjrgQuHc+7l3nuihFGlHefbKqysrq1vFDdLW9s7u3v2/kFDiVRiUseCCdmKkCKMclLXVDPSSiRBccRIMxreTf3miEhFBX/U44QEMepz2qMYaSOF9pFfU/TGlwPRydxzbyI7XhqOQrvsVJwZ4DJxc1IGOWqh/eV3BU5jwjVmSKm26yQ6yJDUFDMyKfmpIgnCQ9QnbUM5iokKstn5E3hqlC7sCWmKazhTf09kKFZqHEemM0Z6oBa9qfif10517zrIKE9STTieL+qlDGoBp1nALpUEazY2BGFJza0QD5BEWJvESiYEd/HlZdLwKu5FxXu4LFdv8ziK4BicgDPggitQBfegBuoAgww8g1fwZj1ZL9a79TFvLVj5zCH4A+vzB2W8lR8=</latexit>

ω (r) = ωgen +m [Ωgen − Ω (r)]
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IGW Dissipation in Stars (Thermal Diffusion) 
(Zahn et al. 1997)

Low frequencies/small scales damp rapidly 

High frequencies/large scales propagate further 

Radiative 

Dissipation
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Thermal Diffusivity -  

strong function of radius



Critical Layers

Critical Layer is defined as the radius where the mean 

zonal velocity is equal to the horizontal phase speed of the wave

U = cph
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When the Richardson number is large, there is nearly complete 

wave momentum transferred to the mean flow (Booker & Bretherton (1967) but some 

energy may be transmitted or reflected (Winters & D’Asaro 1989) 

Mean Flow Acceleration at a critical layer is rapid and local

Given the broad spectrum of waves generated by convection it is possible (likely?)  

that critical layers do form in stars and contribute to angular momentum transport (see 

next lecture)



So what happens in Stars (Solar)
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Density Stratification  

& Geometry

Radiative Diffusion
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Combined



How does this work in the Sun?



Theoretical 

Calculations in the Sun

• Construct Flux from Kumar 

spectrum and theory described 

previously
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• Solve on short timescales near 

the convection zone get SLO 

(QBO analogue)


• Solve on long timescales in 

deeper interior - get flat profile 

in interior


• BUT only works for high 

viscosity

Talon & Charbonel 2003,2005



Theoretical 

Calculations in the Sun

• If use more realistic viscosity, SLO 

amplitude is decreased AND force 

differential rotation in Solar interior- 

counter to observations

Dennisenkov et al. 2008

• Numerical Simulations of solar 

interior get no SLO and do not get 

uniform rotation of solar interior



Numerical Calculations 

in the Sun
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• Solve full nonlinear hydrodynamic 

equations in inelastic approximation 

in 2D in equatorial slice of Sun from 

0.01 to 90% radius



So what happens in Stars (Massive)
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Density Stratification  

& Geometry

Radiative Diffusion

e
−τ/2

<latexit sha1_base64="flU5JCSSffH3O/OsxrRl406jnP0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbpbBT0WvXisYD9gu5Zsmm1Ds8mSzApl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwkRwA6777RRWVtfWN4qbpa3tnd298v5By6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5Ht1O//cS04Uo+wDhhQUwGkkecErCSzx6zsy6Q9Lw26ZUrbtWdAS8TLycVlKPRK391+4qmMZNABTHG99wEgoxo4FSwSambGpYQOiID5lsqScxMkM1OnuATq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif56cQXQcZl0kKTNL5oigVGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JRKNgRv8eVl0qpVvYtq7f6yUr/J4yiiI3SMTpGHrlAd3aEGaiKKFHpGr+jNAefFeXc+5q0FJ585RH/gfP4ArcCQ2w==</latexit>

Combined

Ratnasingham et al. 2018



• Solve full set of nonlinear hydrodynamic 

equations in the anelastic approximation 

with the stellar thermal diffusivity and 

Brunt-Vaisala frequency (viscosity still 

too high)


• Artificially force waves at the bottom 

boundary to simulate stellar convection 

(see next lecture for self-consistent 

calculations)

Forcing a single wave in 

a massive star r · ρv = 0, (1)

∂v

∂t
= �(v ·r)v �rP � Cgr̂ + 2(v ⇥ ẑΩ) (2)
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Forcing a single wave in 

a massive star
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Forcing a single wave in a massive star
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Forcing a spectrum of waves in a massive star
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