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This setup mimic the forcing
produced by a travelling tide.
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2. Threshold and dynamics near onset.
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At the onset of the instability we assume an exponential growth, near onset we get: (al, (12)6(7 x e << 1



base flow
?Ib Wp 81_1;1) — . . . —
? —+2§2><ub+ub-Vub:—Vpb

ot
i@ 4+ 20 X @ = =V
A = up + (alﬁl + agﬁg)ex H ! b

] iwgﬁl —+ 2() X /L_I:Q = —Vpg
Inertial mode 1
Uy, Wi

Inertial mode 2

Uz, wo <gl.a2>:/ﬁl-a;dvzo
\%

—_

O'(Cblﬁl -+ CLQﬁQ) + ﬁb . V(alﬁl + CLQ?IQ) + (Cblﬁl + CLQ’IIQ) . Vﬁb =0



base flow
ﬁba Wp

A = Up + (CL1’LT1 + a262)6x

]

Inertial mode 1
Uy, Wi

)

U
ot

WX G+G Vi = —

]

v

Inertial mode 2
Ua, Wo

)

p

ot . .
a—;+29xﬁb+ﬁb-Vﬁb:—Vpb

iw1ﬁ1 -+ 2@ X 61 = —§p1

iwgﬁl —+ 2@ X 7,_1:2 = —ﬁpg

<y - s >:/ﬁl-ﬁ§dvzo
\%

O'(Cllﬁl —+ CLQﬁQ) + ﬁb . V(alﬁl + ClQﬁQ) -+ (alﬁl + CLQ’JQ) . Vﬁb =0

/ ’L_I:1 . [0(&161 + agﬁg) -+ ﬁb . V(alﬁl + agﬁg) -+ (alﬁl + agﬁg) . Vf[[b]T dV =0
|4

/ uo - [O‘(Cllﬁl + CLQUQ) + Uy - V(alﬂfl + CLQJQ) -+ (alﬁl + agﬁz) . Vﬁb]T dV =0
v



base flow
tiy, W 0o o3 Vi, = —V
o Up + Up - VUp = Db
. . . o\ ot iwlﬁl + 2@ X ’LT — —ﬁpl
= Uy + (a1Uy + agiiz)e B

Wil 4+ 26 x X Uy = —V
Inertial mode 1 Inertial mode 2 2U1 T P2
o 42, w2 < Uy - Us >:/ iy - dydV =0

O'(Cllﬁl -+ CLQﬁQ) + ﬁb . V(alﬁl + CLQ?IQ) + (alﬁl + CLQ'IZQ) . Vﬁb =0

1+ (Up - V(a1ty + agtiz))) — (U1 - ((a1U1 + agts) - Viy))

oao <ﬁ2 . ﬁg> = — <172 . (ﬁb . V(alﬁ’l —+ CL2172))> — <’L_l,)2 . ((alﬁl —+ agﬁz) . Vub)>



- — <ﬁ1 . (ﬁb . V(alﬁl —+ CL2?T[:2))> — <171 . ((Cblﬁl + CLQ'H:Q) - Vup

—

— —

— <1_52 . (Ub . V(aﬂ_h + CL2172))> — <U2 ' ((OL1U1 + CLQUQ) . Vub)>

)



cay (i - @) = — @ (i - V(a1@+ agiiy))) — @ . ((a1@+ a262)>

0, 2wy Wy, Wy £ 2w1 Wp, Wy = 2w1

cas (i - i) = — <@ (i - v}alm + a2)> ) (min +@Qﬁg) - v@>

0, 2ws Wy, Wp I 2ws Wp, wWp £ 2ws

W
[ w1 =w2=:|:7

The modes 1 and 2 are identical, one traveling in a prograde direction, the other one in the retrograde direction.
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In spheroidal shell and annulus, the separation of variable in azimuth, . .
latitude / vertical component, leads to additional parametric resonant wity + 28 X U3 = —Vpq
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For small enough departure of the cavity from a sphere, the inertial modes contributing to the parametric instability are those of
a pure sphere. Using a spherical coordinate system, one can separate the azimuthal coordinate from the latitudinal and radial
coordinates.
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The rate at which the instability grow results from the balance of the
rate at which energy is deposited on the modes ( o) and the rate at
which these modes dissipate the energy by viscous friction in the
boundary layer ~ xVE
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The rate at which the instability grow results from the balance of the
rate at which energy is deposited on the modes ( o) and the rate at
which these modes dissipate the energy by viscous friction in the

boundary layer ~ KV E

So, for this type of instabilities to develop a minimum of conditions
must be satisfied:

Wy = Wp = wq

\/Clcz—K\/E>O

Each cavity shape will lead to additional geometrical conditions on the
mode, in spheroidal, spherical, cylindrical shells a strict condition is:
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Precession driven elliptical instability
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3. Geostrophic .vs. waves turbulence.



Except in a very narrow range of control parameters near onset, the parametric instability itself breaks down leading to space
filling turbulence during the collapse phase usually followed by a growth phase and so on. The growth and collapse can be

quasi periodic, aperiodic or chaotic. In some cases, after the initial growth no clear growth and collapse are observed, the flow
remains turbulent.

Tidally driven elliptical instability (TDEI)

Grannan et al. (2016)

IRPHE/Marseille



The nonlinear fate of the elliptical instability
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Y. Lin, P. Marti and J. Noir

»Shear-driven parametric instability in a precessing sphere”, POF, 2015

D. Cébron, R. Laguerre, J. Noir and N. Schaeffer.

“Precessing spherical shells : flows , dissipation , dynamo and the lunar core”, GJI, 2019



For large enough differential rotation between the liquid and the solid shells, boundary layers and bulk instabilities develop in

the system:

Po=8x10"°% E=3x10"", a=120°

Isosurfaces of the anti-symmetric energy in the mean fluid rotating frame frame for (a) n = 0.01,
Po=8x10"3(b)yn =03, Po=8x 10 and (¢) 7 = 0.7, Po = 8.5 x 1073, Ineach case x = 120° and
E — 3.0 x 10 %, Color correspond to positive (black) and negative (white) axial velocity. The snapshots
are taken during the initial growth phase of the instability.

D. Cébron, R. Laguerre, J. Noir and N. Schaeffer.
“Precessing spherical shells : flows , dissipation , dynamo and the lunar core”, GJI, 2019



For large enough differential rotation between the liquid and the solid shells, boundary layers and bulk instabilities develop in

the system:
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D. Cébron, R. Laguerre, J. Noir and N. Schaeffer.

“Precessing spherical shells : flows , dissipation , dynamo and the lunar core”, GJI, 2019
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As previously reported by Lin et al., we observe large scale vortices in the system (LSV):

n=001, E=3x10"", a=120° Po=1.3x 102
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FIG. |. Left typical evolution of the volume-averaged kinetic energy for E = 107 and a 2567 resolution from the exponential growth
of a few waves (a) to its nonlinecar saturation (b) and (c). Continuous and dashed lines account for exponential growth with rates 2¢ and
46, respectively, with ¢ the theoretical viscous growth rate of the instability. The velocity amplitudes arc normalized by k! €. Right:
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The nonlinear fate of the elliptical instability

Base flow

Elliptical
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Geostrophic/Zonal flows

For moderate Ekman numbers, and finite forcing
amplitude typical of laboratory experiments and full
3D-DNS, the initial parametric instability evolves
toward quasi geostrophic turbulence.
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FIG. 4. Left: scale dependence of Rossby number for = 5 x 1072 and f, — 1 for E = 107>, 3 x 107%, 107°: results from the
geostrophic saturation [Fig. 1(c)] are shown for comparison. Center: vertical vorticity in the £ = 107® case. Right: schematic diagram

illustrating where the geostrophic and wave turbulence regimes can be expected, depending on f and E. WT and G stand for wave
turbulence and geostrophic types of saturation, respectively.



The nonlinear fate of the elliptical instability

For small Ekman numbers, and small forcing
amplitude typical of planetary conditions, it is
suggested that the initial parametric instability
evolves small scales wave turbulence through a
series of consecutive triadic resonance.
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To go further

Nonlinear evolution of the elliptical instability: an example of inertial wave breakdown
D M Mason; RR Kerswell - 1999 - Journal of Fluid Mechanics
Authors: D M Mason, R R Kerswell

Elliptical instabilities of stratified, hydromagnetic waves and the Earth's outer core
R R Kerswell - 1992
Authors: RR Kerswell

Elliptical instability
R R Kerswell - 2002 - Annual review of fluid mechanics
Authors: RR Kerswell

Elliptical instabilities of stratified, hydromagnetic waves

R R Kerswell - 1993 - Geophysical and Astrophysical Fluid Dynamics

Abstract: ..December 1992) ... 106 R . R . KERSWELL elliptical flow which should be set up in ...
Authors: RR Kerswell
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R Kerswell - 2002 - Annual Review of Fluid Mechanics

Abstract: ..is therefore expected in the elliptically distorted ) when
Authors: R Kerswell

The Instability Of Precessing Flow

R. R. Kerswell - 1993 - Geophysical & Astrophysical Fluid Dynamics

Abstract: ...or shearing strains present which elliptically distort the circular streamlines and ...
Authors: R. R. Kerswell

Inertial Wave Turbulence Driven by Elliptical Instability
Thomas Le Reun; B Favier; AJ Barker; ... - 2017 - Physical Review Letters
Authors: ...Reun, Benjamin Favier, Adrian J. Barker, Michael Le Bars

Inertial wave turbulence driven by elliptical instability
Thomas Le Reun; B Favier; AJ Barker; ...
Authors: ...Reun, Benjamin Favier, Adrian J Barker, Michael Le Bars

Non-linear evolution of tidally forced inertial waves in rotating fluid bodies
B. Favier; AJ Barker; C Baruteau; Gl ... - 2014 - Monthly Notices of the Royal Astronomical Society
Authors: B. Favier, A. J. Barker, C. Baruteau, G. |. Ogilvie

Nonlinear tides in a homogeneous rotating planet or star : global simulations of the elliptical instability
Adrian J Barker - 2016
Authors: Adrian J Barker



