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Part III:Parametric instabilities and turbulence.

Lecture by J. Noir at WITGAF Cargese, Corsica, 2019

1. A primer on Inviscid Parametric Instabilities. 

2. Threshold and dynamics near onset. 

3. Geostrophic .vs. waves turbulence.
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base	flow

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

This	setup	mimic	the	forcing	

produced	by	a	travelling	tide.



base	flow

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~ub = ~Ω⇥ ~r + ~r�(⌘, t)
<latexit sha1_base64="U/A/7j4nvLlPxLveHErCMr05AQA="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit> < ~u1 · ~u2 >=

Z
V

~u1 · ~u
†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>
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~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>

@~ub

@t
+ 2~Ω⇥ ~ub + ~ub ·r~ub = �~rpb

<latexit sha1_base64="e2/zFZsce4tONo/8Vi0nHV+nTbI="></latexit>
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Z
V
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†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>



1. A primer on Inviscid Parametric Instabilities. 

2. Threshold and dynamics near onset. 

3. Geostrophic .vs. waves turbulence.



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>
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Z
V

~u1 · ~u
†
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<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

@~u

@t
+ 2~Ω⇥ ~u+ ~u ·r~u = �~rp

<latexit sha1_base64="I6Mepjni2t4WVyurbkIfLUBdRuI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>

~u = ~ub + (a1~u1 + a2~u2)e
σt

<latexit sha1_base64="IHNA0TtfRntzX1ksOeNocx0ka8Q="></latexit>

At	the	onset	of	the	instability	we	assume	an	exponential	growth,	near	onset	we	get:	 (a1, a2)e
σt

∝ ε << 1
<latexit sha1_base64="+ZOIgWua2uQWRdfZJLeJCoymxwY="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>

@~ub

@t
+ 2~Ω⇥ ~ub + ~ub ·r~ub = �~rpb

<latexit sha1_base64="e2/zFZsce4tONo/8Vi0nHV+nTbI="></latexit>

< ~u1 · ~u2 >=

Z
V

~u1 · ~u
†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>

~u = ~ub + (a1~u1 + a2~u2)e
σt

<latexit sha1_base64="IHNA0TtfRntzX1ksOeNocx0ka8Q="></latexit>

@~u

@t
+ 2~Ω⇥ ~u+ ~u ·r~u = �~rp

<latexit sha1_base64="I6Mepjni2t4WVyurbkIfLUBdRuI="></latexit>

�(a1~u1 + a2~u2) + ~ub ·r(a1~u1 + a2~u2) + (a1~u1 + a2~u2) ·r~ub = 0
<latexit sha1_base64="k3+n8nQVoU+5vjs2zzlJTCpyksg="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>

@~ub

@t
+ 2~Ω⇥ ~ub + ~ub ·r~ub = �~rpb

<latexit sha1_base64="e2/zFZsce4tONo/8Vi0nHV+nTbI="></latexit>

< ~u1 · ~u2 >=

Z
V

~u1 · ~u
†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

@~u

@t
+ 2~Ω⇥ ~u+ ~u ·r~u = �~rp

<latexit sha1_base64="I6Mepjni2t4WVyurbkIfLUBdRuI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>

~u = ~ub + (a1~u1 + a2~u2)e
σt

<latexit sha1_base64="IHNA0TtfRntzX1ksOeNocx0ka8Q="></latexit>

�(a1~u1 + a2~u2) + ~ub ·r(a1~u1 + a2~u2) + (a1~u1 + a2~u2) ·r~ub = 0
<latexit sha1_base64="k3+n8nQVoU+5vjs2zzlJTCpyksg="></latexit>

Z
V

~u1 · [�(a1~u1 + a2~u2) + ~ub ·r(a1~u1 + a2~u2) + (a1~u1 + a2~u2) ·r~ub]
†
dV = 0

<latexit sha1_base64="9GJmny51UDNL12b7/0AdkorYM5Q="></latexit>Z
V

~u2 · [�(a1~u1 + a2~u2) + ~ub ·r(a1~u1 + a2~u2) + (a1~u1 + a2~u2) ·r~ub]
†
dV = 0

<latexit sha1_base64="ETAUTaL/K/BTTtqoYBiWB6dOSUY="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>

@~ub

@t
+ 2~Ω⇥ ~ub + ~ub ·r~ub = �~rpb

<latexit sha1_base64="e2/zFZsce4tONo/8Vi0nHV+nTbI="></latexit>

< ~u1 · ~u2 >=

Z
V

~u1 · ~u
†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>

~u = ~ub + (a1~u1 + a2~u2)e
σt

<latexit sha1_base64="IHNA0TtfRntzX1ksOeNocx0ka8Q="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>

@~u

@t
+ 2~Ω⇥ ~u+ ~u ·r~u = �~rp

<latexit sha1_base64="I6Mepjni2t4WVyurbkIfLUBdRuI="></latexit>

�(a1~u1 + a2~u2) + ~ub ·r(a1~u1 + a2~u2) + (a1~u1 + a2~u2) ·r~ub = 0
<latexit sha1_base64="k3+n8nQVoU+5vjs2zzlJTCpyksg="></latexit>

�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>



�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>



�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>

0, 2ω1
<latexit sha1_base64="iOvXMqf3VivtkygBdWIsxWfjilQ="></latexit>

0, 2ω2
<latexit sha1_base64="QcC4fyPDWw6rXKLbuNitr9FzPRw="></latexit>

ωb,ωb ± 2ω1
<latexit sha1_base64="c8zyyqfbgZsOKw+UcZVDPSI+pTU="></latexit>

ωb,ωb ± 2ω1
<latexit sha1_base64="c8zyyqfbgZsOKw+UcZVDPSI+pTU="></latexit>

ωb,ωb ± 2ω2
<latexit sha1_base64="Bz5yebOHHAVyw4s6w8HEILjiqkY="></latexit>

ωb,ωb ± 2ω2
<latexit sha1_base64="Bz5yebOHHAVyw4s6w8HEILjiqkY="></latexit>

The	modes	1	and	2	are	identical,	one	traveling	in	a	prograde	direction,	the	other	one	in	the	retrograde	direction.



�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>



�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>

0, 2ω2
<latexit sha1_base64="QcC4fyPDWw6rXKLbuNitr9FzPRw="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>

0, 2ω1
<latexit sha1_base64="iOvXMqf3VivtkygBdWIsxWfjilQ="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ω2 = ωb ± ω1
<latexit sha1_base64="GGA//vp81aKYuah/XRCd5nh6nl4="></latexit>



�a2 h~u2 · ~u2i = �h~u2 · (~ub ·r(a1~u1 + a2~u2))i � h~u2 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="NOt+d4nSL8FZrD7sXvpmCQQQfPM="></latexit>

0, 2ω2
<latexit sha1_base64="QcC4fyPDWw6rXKLbuNitr9FzPRw="></latexit>

�a1 h~u1 · ~u1i = �h~u1 · (~ub ·r(a1~u1 + a2~u2))i � h~u1 · ((a1~u1 + a2~u2) ·r~ub)i = 0
<latexit sha1_base64="ZvLabMeVAo69WeFonl7rHWVUD5s="></latexit>

0, 2ω1
<latexit sha1_base64="iOvXMqf3VivtkygBdWIsxWfjilQ="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ωb ± ω2 ± ω1
<latexit sha1_base64="ZGPBjHZ3rRQLGFAeiDs+TiVQyFw="></latexit>

ω2 = ωb ± ω1
<latexit sha1_base64="GGA//vp81aKYuah/XRCd5nh6nl4="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
<latexit sha1_base64="EgjJCMDRgdklxcbeGGMgR1o63z0="></latexit>

~u1, !1
<latexit sha1_base64="DN+bp51rVo//cPDSCk2n3TZ9n0A="></latexit>

~u2, !2
<latexit sha1_base64="/x/Xdi2NP1U/sE49d/CBS151DeI="></latexit>

@~ub

@t
+ 2~Ω⇥ ~ub + ~ub ·r~ub = �~rpb

<latexit sha1_base64="e2/zFZsce4tONo/8Vi0nHV+nTbI="></latexit>

< ~u1 · ~u2 >=

Z
V

~u1 · ~u
†
2
dV = 0

<latexit sha1_base64="p9BHhtQ4wO2iRXRJkjFtstgqGoI="></latexit>

i!1~u1 + 2~Ω⇥ ~u1 = �~rp1
<latexit sha1_base64="RLzqeTJ96n+auq3MN9z0V6kMU3Q="></latexit>

i!2~u1 + 2~Ω⇥ ~u2 = �~rp2
<latexit sha1_base64="Ksed8veoj7TZbX5XjbtEIzeCbWA="></latexit>

~u = ~ub + (a1~u1 + a2~u2)e
σt

<latexit sha1_base64="IHNA0TtfRntzX1ksOeNocx0ka8Q="></latexit>

@~u

@t
+ 2~Ω⇥ ~u+ ~u ·r~u = �~rp

<latexit sha1_base64="I6Mepjni2t4WVyurbkIfLUBdRuI="></latexit>

�a1 h~u1 · ~u1i = �a2 [h~u1 · ~ub ·r~u2i+ h~u1 · ~u2 ·r~ubi]
<latexit sha1_base64="h59j8i+BVzpazMtqeVsrsxKtOyI="></latexit>

�a2 h~u2 · ~u2i = �a1 [h~u2 · ~ub ·r~u1i+ h~u2 · ~u1 ·r~ubi]
<latexit sha1_base64="m2zigN2lxTXEDiRDxhWX2xwol+A="></latexit>

ω2 = ωb ± ω1
<latexit sha1_base64="GGA//vp81aKYuah/XRCd5nh6nl4="></latexit>



base	flow

Inertial	mode	1 Inertial	mode	2

~ub, !b
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In	spheroidal	shell	and	annulus,	the	separation	of	variable	in	azimuth,	

latitude	/	vertical	component,	leads	to	additional	parametric	resonant	

conditions	when	carrying	the	volume	integral.	
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For	small	enough	departure	of	the	cavity	from	a	sphere,	the	inertial	modes	contributing	to	the	parametric	instability	are	those	of	

a	pure	sphere.	Using	a	spherical	coordinate	system,	one	can	separate	the	azimuthal	coordinate	from	the	latitudinal	and	radial	

coordinates.	
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The	rate	at	which	the	instability	grow	results	from	the	balance	of	the	

rate	at	which	energy	is	deposited	on	the	modes	(				)	and	the	rate	at	

which	these	modes	dissipate	the	energy	by	viscous	friction	in	the	

boundary	layer	~	
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So,	for	this	type	of	instabilities	to	develop	a	minimum	of	conditions	

must	be	satisfied:
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Each	cavity	shape	will	lead	to	additional	geometrical	conditions	on	the	

mode,	in	spheroidal,	spherical,	cylindrical		shells	a	strict	condition	is:
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Precession	driven	elliptical	instability
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Precession	conical	shear	instability



1. A primer on Inviscid Parametric Instabilities. 

2. Threshold and dynamics near onset. 

3. Geostrophic .vs. waves turbulence.



Except	in	a	very	narrow	range	of	control	parameters	near	onset,	the	parametric	instability	itself	breaks	down	leading	to	space	

filling	turbulence	during	the	collapse	phase	usually	followed	by	a	growth	phase	and	so	on.	The	growth	and	collapse	can	be	

quasi	periodic,	aperiodic	or	chaotic.	In	some	cases,	after	the	initial	growth	no	clear	growth	and	collapse	are	observed,	the	flow	

remains	turbulent.

IRPHE/Marseille

Tidally	driven	elliptical	instability	(TDEI)
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“Precessing	spherical	shells	:	flows	,	dissipation	,	dynamo	and	the	lunar	core”,	GJI,	2019



For	large	enough	differential	rotation	between	the	liquid	and	the	solid	shells,	boundary	layers	and	bulk	instabilities	develop	in	

the	system:	

a) b) c)
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“Precessing	spherical	shells	:	flows	,	dissipation	,	dynamo	and	the	lunar	core”,	GJI,	2019
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“Precessing	spherical	shells	:	flows	,	dissipation	,	dynamo	and	the	lunar	core”,	GJI,	2019

For	large	enough	differential	rotation	between	the	liquid	and	the	solid	shells,	boundary	layers	and	bulk	instabilities	develop	in	

the	system:	



As	previously	reported	by	Lin	et	al.,	we	observe	large	scale	vortices	in	the	system	(LSV):	



For	moderate	Ekman	numbers,	and	finite	forcing	

amplitude	typical	of	laboratory	experiments	and	full	

3D-DNS,	the	initial	parametric	instability	evolves	

toward	quasi	geostrophic	turbulence.
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For	small	Ekman	numbers,	and	small	forcing	

amplitude	typical	of	planetary	conditions,	it	is	

suggested	that	the	initial	parametric	instability	

evolves	small	scales	wave	turbulence	through	a	

series	of	consecutive	triadic	resonance.
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To go further


