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u× dl = 0

Part II:Inertial Waves and Inertial Modes

Lecture by J. Noir at WITGAF Cargese, Corsica, 2019

Axisymmetric inertial modes in a spherical shell at low Ekman numbers: 

M. Rieutord and L Valdettaro, 2018

Experiment by Goertler 1957, picture from: The theory of 

rotating fluids by H. P. Greenspan 1968
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u× dl = 0

1. Some observations. 

2. Inviscid Inertial Waves. 

3. Inviscid Inertial Modes. 

4. Viscous Correction.  

5. Resonances, large flows from small perturbations.
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What makes rotating fluids so special…

Let’s now consider another example. 

We still consider the case of a small perturbation but this time it is an oscillatory forcing

u× dl = 0

c
a

m
e

raOscillating  

disk

What do you expect to see from 

the camera ?

• Let’s first consider a cylindrical tank filled with 

water that is not rotating.  

• At the centre we put a small disk that 

oscillates vertically at a frequency w1. 
• The camera rotates with the cylinder 



J.Noir (ETHZ) - WITGAF Cargese July 2019
 4

What makes rotating fluids so special…

u× dl = 0

c
a

m
e

ra

Oscillating  

disk

Let’s now consider another example. 

We still consider the case of a small perturbation but this time it is an oscillatory forcing



J.Noir (ETHZ) - WITGAF Cargese July 2019
 5

What makes rotating fluids so special…

u× dl = 0

Ω

c
a

m
e

raOscillating  

disk

What do you expect to see from 

the camera ?

• Let’s now consider a cylindrical tank filled 

with water that is rotating at Wo.  

• At the centre we put a small disk that 

oscillates vertically at a frequency w1. 
• The camera rotates with the cylinder 

Let’s now consider another example. 

We still consider the case of a small perturbation but this time it is an oscillatory forcing
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What makes rotating fluids so special…
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Let’s now consider another example. 

We still consider the case of a small perturbation but this time it is an oscillatory forcing
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What makes rotating fluids so special…

Let’s now consider another example of perturbations of a rapidly rotating fluid. 

We still consider the case of a small perturbation but this time it is an oscillatory forcing

• A rapidly rotating fluid system 

can support waves propagation, 

the so-called inertial waves.  

• In a bounded fluid, like a cylinder 

the waves can from constructive 

interferences and forms Inertial 

modes. 

Experiment by Goertler 1957, picture from: The theory of 

rotating fluids by H. P. Greenspan 1968
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u× dl = 0Part II:Inertial Waves and Inertial Modes

1. Some observations. 

2. Inviscid Inertial Waves. 

3. Inviscid Inertial Modes. 

4. Viscous Correction.  

5. Resonances, large flows from small perturbations.
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The non rotating inviscid case in a closed container 

u× dl = 0

Oscillating  

disk

Let’s consider the case 

No external force


no rotation


low viscosity fluid


small oscillations

@~u

@t
= �~rΠ

<latexit sha1_base64="B/jpjfRh1qAYZfGQfW/VqdLu46c="></latexit>

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>

@~u

@t
+ ~u ·

~r~u = �~rΠ+
1

Re
~r

2
~u+ ~f

<latexit sha1_base64="DydGMwT6YzKTFuw6qZSie9J7vWI="></latexit>
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The non rotating case in a closed container 

u× dl = 0

Oscillating  

disk

~r ·



@~u

@t

�

= �~r ·

h

~rΠ

i

<latexit sha1_base64="cyuUZdkFdx1MkGSlXh7N2NP1bTk="></latexit>

~r
2
Π = 0

<latexit sha1_base64="kHDoqO/kOxxHB6pYkOVv5BBpGu8="></latexit>

n̂ ·
~rΠ = 0

<latexit sha1_base64="VaDxjhgGMGnH2eJuMbf7fU7GJ1E="></latexit>

On the surfaceIn the volume

Z

S

Φn̂ ·
~rΨdS =

Z

V

⇣

Φ~r
2
Ψ+ ~rΦ ·

~rΨ

⌘

dV

<latexit sha1_base64="m6/PpK0XVuX4zxR6WkZn15+ZrC8="></latexit>

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>
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The non rotating case in a closed container 

u× dl = 0

Oscillating  

disk

~r ·
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2
Π = 0
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n̂ ·
~rΠ = 0

<latexit sha1_base64="VaDxjhgGMGnH2eJuMbf7fU7GJ1E="></latexit>

On the surfaceIn the volume
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S

Φn̂ ·
~rΨdS =

Z

V

⇣

Φ~r
2
Ψ+ ~rΦ ·

~rΨ

⌘

dV

<latexit sha1_base64="m6/PpK0XVuX4zxR6WkZn15+ZrC8="></latexit>
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S

Πn̂ ·
~rΠdS =

Z

V

⇣

Π~r
2
Π+ ~rΠ ·

~rΠ

⌘

dV

<latexit sha1_base64="yR3f453rbktlTFesHRN/cJ6LKPM="></latexit>

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>
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The non rotating case in a closed container 

u× dl = 0

Oscillating  

disk

~r ·
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n̂ ·
~rΠ = 0
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On the surfaceIn the volume
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<latexit sha1_base64="yR3f453rbktlTFesHRN/cJ6LKPM="></latexit>

0 =

Z
V

~rΠ
2
dV

<latexit sha1_base64="7MeWdTC6GgBAskCnI4BKaGecKBw="></latexit>

~rΠ ⌘ 0
<latexit sha1_base64="/qmodqEOaCIRlyKn6XPwYgpF9BQ="></latexit>

In the volume

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>
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The non rotating case in a closed container 

u× dl = 0

Oscillating  

disk

@~u

@t
= �~rΠ ⌘ 0

<latexit sha1_base64="9Dl/Xs+YhuRinG7upUGZ42jW1c8="></latexit>

Non-rotating, inviscid and neutrally buoyant 
fluids cannot sustain inertial oscillations. What 
we observe in the numerical simulations is the 

viscous diffusion of momentum, the stokes layer.

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>
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@~u

@t
+ 2~Ω⇥ ~u+ ~u ·

~r~u = �~rΠ+ E~r
2
~u+ ~r ⇥

d~Ω

dt
+ ~f

<latexit sha1_base64="gfiHZtzsjQ+9Q8cr3DA9ysJvGJQ="></latexit>

Inviscid Inertial waves equation:

u× dl = 0

Ω

Oscillating  

disk

Let’s consider the case 

No external force


constant rapid rotation


low viscosity fluid


small oscillations (u<<Wr)

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ

<latexit sha1_base64="gts1MbvPRfS8mxhVS4mTPLmN7lw="></latexit>
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The rotating case: Inertial waves

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ

<latexit sha1_base64="gts1MbvPRfS8mxhVS4mTPLmN7lw="></latexit>

Substitution of this particular form of solutions in the unforced equations leads to:

From the continuity equation we deduce that the velocity is perpendicular to the wave vector:

U · k = 0 (97)

From the Navier-Stokes equation we deduce that the angle between the wave vector and the rotation
vector is given by the dispersion relation:

ω = ±2Ω ·
k

|k|
= ±2Ω cos(θ) (98)

Where, θ is the angle between the wave vector and the rotation axis. Wave like solution exist only for
frequencies

0 < |
ω

Ω
| < 2 (99)

~u ·
~k = 0

<latexit sha1_base64="E4FN2p75Yn6x5Wbo6gOf2PqCC0c="></latexit>

! = ±2~Ω ·
~k

|~k|
= ±2Ω cos ✓

<latexit sha1_base64="59DJgF9YO/6T6Gj6rqay/DdcTsI="></latexit>

~r · ~u = 0
<latexit sha1_base64="vfdMj7xeaq9ZuSXhF61jQ1guo+c="></latexit>

~u(t,~r) = ~u(~r)ei(
~k·~r−!t)

Π(t,~r) = ⇡(~r)ei(
~k·~r−!t)

<latexit sha1_base64="28stNkQrf5CVWbGgx9RWTdKuhoM="></latexit>
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Inertial waves properties

Like any other waves, inertial waves have a phase and group velocity

Phase velocity

Velocity at which one should propagate to see a constant phase, k · r − ωt = cte

Vφ = 2
Ω · k

|k|3
= 2Ω cos(θ)

k

|k|3
(100)

The phase velocity is along k. No energy, i.e. information, propagates with Vφ

Phase velocity

Velocity at which energy, i.e. information, propagates in the system.

Vg = 2
k × (Ω × k)

|k|3
, |Vg| = 2

Ω

|k|

The energy propagates perpendicularly to the phase velocity, i.e. to the wave vector.

The energy propagates faster for small wave numbers, i.e. large scale perturbations.

Over one oscillation of the wave, the energy propagates over a typical length scale L = V/ω = λ
Ω

ω
with

λ = 1/k the wave length.

Group velocity

|Vg| = 2
Ω

|k|
sin θ
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Inertial waves propagation from a localized perturbation

Let’s imagine a velocity perturbation, here in red, the gradient of velocity propagates along cones with a
semi-aperture angle θ given by the dispersion relation:

ω

Ω
= ±2 cos(θ)
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Reflection of inertial waves:
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Inertial waves in the laboratory

Ω

Disk oscillating at ω

ω/2Ω
k

Adapted from a figure by Benjamin Favier, ENS Lyon,
France.

From Greenspan’s book ”The theory of rotating fluid”
1968

now at IRPHE, Marseille.

Experiment by Goertler 1957, picture from: The theory of 

rotating fluids by H. P. Greenspan 1968



J.Noir (ETHZ) - WITGAF Cargese July 2019
 20

Oscillatory rotating flows.

ω1/Ω  ω2/Ω  ω3/Ω  > >

Ω Ω Ω

k

k
k

Adapted from a figure by Benjamin Favier, ENS Lyon, France. In agreement with the dispersion relation, the
apex angle decreases with the frequency and the distance from the perturbation the energy propagates over
one cycle increases. now at IRPHE, Marseille.
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The limit of inertial waves with ω tends to zero.

According to the inertial waves properties we just saw, the limit cases ω = 0 would correspond to
perturbation that propagates along cones that are degenerated into columns aligned with the axis of
rotation.

The distance the energy can propagate in the system becomes infinite, the velocity at which it
propagates remains finite and will depend on the typical lateral extension of the perturbed region.

As we shall see in this section, zero frequency inertial waves form a subspace of the inertial waves called
geostrophic flows that have very peculiar properties.

• Taylor-Proudman is the limit case of 

the advection of a perturbation by a 

quasi steady inertial waves. 
• The energy propagates parallel to the 

axis of rotation due the vertical 

motion.

|Vg| = 2
Ω

|k|

Even for a steady perturbation the group velocity remains finite
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u× dl = 0Part II:Inertial Waves and Inertial Modes

1. Some observations. 

2. Inviscid Inertial Waves. 

3. Inviscid Inertial Modes. 

4. Viscous Correction.  

5. Resonances, large flows from small perturbations.
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Inviscid Inertial Modes

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ

<latexit sha1_base64="gts1MbvPRfS8mxhVS4mTPLmN7lw="></latexit>

In a closed container the inertial waves equation becomes an eigenvalue 
problem, the eigenfunctions are the inertial modes. 

• The spectrum is dense.


• They are orthogonal to each other.


• In certain well behaved geometries, they form a base.

~r · ~uN = 0, n̂ · ~uN = 0|S
<latexit sha1_base64="NBlGSxxJXUba7Ocf/7dGKJBqs2I="></latexit>

~r · ~u = 0, n̂ · ~u = 0|S
<latexit sha1_base64="GPIhNyrY6/621h553YBnabAIAdc="></latexit>

i!N~uN + 2~Ω⇥ ~uN + ~rΠN = 0
<latexit sha1_base64="PszGxvuqh7mf1jtwbi2WowGZIFM="></latexit>

~uN (t,~r) = ~uNe
iωN t

ΠN (t,~r) = ⇡Ne
iωN t

<latexit sha1_base64="9uoahTBfoU/vWMP4hBeTa9CDAiI="></latexit>

Z
V

~uN · ~uMdv = 0

<latexit sha1_base64="15zjX8g5+QmiO4LH0tu/NYGsk/4="></latexit>

~u =

X

n

an~une
iωnt

<latexit sha1_base64="AzYddcXj9GtRIeCAK1hlSxi+7xo="></latexit>
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First order viscous correction to the inviscid inertial modes

~r · ~u = 0, ~u = 0|S
<latexit sha1_base64="T40M7lYY3E8hxw0pFq7D1G5jTsA="></latexit>

Ω

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ+ E~r

2
~u+ ~r

<latexit sha1_base64="y0R8FJLlQk6T2XQjTXTZSvpV6HE="></latexit>

Inviscid inertial modes do not satisfy the no-slip 
boundary conditions.
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First order viscous correction to the inviscid inertial modes

~r · ~u = 0, ~u = 0|S
<latexit sha1_base64="T40M7lYY3E8hxw0pFq7D1G5jTsA="></latexit>

Ω

Inviscid inertial modes do not satisfy the no-slip 
boundary conditions.

Inviscid interior at large scale

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ+ E~r

2
~u

<latexit sha1_base64="fQEfF+LZTzktmeQoxiCgUZYev5M="></latexit>

2~Ω⇥ ~u >> E~r
2
~u

<latexit sha1_base64="cs3QAUGRbuXXT3OH76HFnX4irng="></latexit>

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ

<latexit sha1_base64="gts1MbvPRfS8mxhVS4mTPLmN7lw="></latexit>

Viscous Boundary Layer. 2~Ω⇥ ~u ⇠ E~r
2
~u

<latexit sha1_base64="mpYM+A64St5KnC/3hX5N2sfIr6U="></latexit>

∼ O(1)
<latexit sha1_base64="jM/zqnCxOysr3i/zHw9+GeRg3WE="></latexit>

δ ∼
√
E

<latexit sha1_base64="katcPwH7cwZIvIwGjxK1SySoeq0="></latexit>
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First order viscous correction to the inviscid inertial modes

Ω

1-Inviscid interior at leading order

2-Viscous Boundary Layer at leading order.

Following Greenspan 1968:

@~u0

@t
+ 2~Ω⇥ ~u0 = �~rΠ0

<latexit sha1_base64="GhgdC26xB0o4AokFxNDWQ9kXh9M="></latexit>

@~̃u

@t
+ 2~Ω⇥ ũ = �~rΠ̃+ E~r

2
ũ

<latexit sha1_base64="YCWh+GbB1t+Zg0L+Q7wE+L3AU0w="></latexit>

~u0 + ũ0|S = 0
<latexit sha1_base64="fA+dZIUcyMFdJwHBKN4ikr9QwCA="></latexit>

n̂ · ~u0|S = 0
<latexit sha1_base64="UJQ7Z6G/+hT/Zzafyz5JvVXuxJo="></latexit>

n̂ · (~u1 + ũ1) = 0
<latexit sha1_base64="BihE14hY1zEqUti+Ko8i1VbS1FQ="></latexit>

ωN = ω
0

N
+ iλN

√

E +O(Eα),α >
1

2
<latexit sha1_base64="TfCo6nBNeZBIVaopbsEpJfJsv1E="></latexit>

~u = ~u
0

N
+

√

E~u
1

N
+O(Eα)

ũ = ũ
0

N
+
√

Eũ
1

N
+O(Eα)

<latexit sha1_base64="y/d433fk/jQK9DIDPyhkKYDUTFg="></latexit>

3-Inviscid interior at order
√

E
<latexit sha1_base64="qEl61HYGKMq2ApLdrARezZ6rnow="></latexit>

The solvability condition lead to an expression of        , the rate at which an inertial mode N 
will decay in time if not forced continuously.

λN<latexit sha1_base64="njAjsg3NIZSgtNlAGA4nPyjbnRs="></latexit>
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First order viscous correction to the inviscid inertial modes

Ω

Summary:

Inertial modes with viscous correction have 
at leading order the structure of the 

inviscid mode on which superimposed a 
small flux coming from the Ekman 
boundary layer, the so-called Ekman 
pumping. By friction in the boundary layer, 
they dissipate energy, this viscous 
damping is characterised by a decay rate. 

Further corrections can be made by 
pushing the expansion to the next order in 
E.



The	secondary	flow	driven	by	the	Ekman	pumping:	What	do	you	see	if	you	rotate	with	the	fluid	?	

Ekman	pumping	driven	inertial	waves

sin θc =
ω

2Ω
<latexit sha1_base64="+AKZTX2BYDusIUaAGwT9oIsf72c="></latexit>

Bondi and Littleton, Stewartson and 
Roberts 1963, Kerswell 1995, Noir et al. 
2001, Kida 2011

courtesy of Yufeng Lin 



The	secondary	flow	driven	by	the	Ekman	pumping:	What	do	you	see	if	you	rotate	with	the	fluid	?	

Ekman	pumping	driven	inertial	waves
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2Ω
<latexit sha1_base64="+AKZTX2BYDusIUaAGwT9oIsf72c="></latexit>

Bondi and Littleton, Stewartson and 
Roberts 1963, Kerswell 1995, Noir et al. 
2001, Kida 2011
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Ω

Courtesy of Jeremie 
Vidal (Grenoble/

Leeds)
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The	Poincaré	mode	in	spheroidal	shell:	The	simplest	inertial	mode.

Sphere	=	purely	

circular	streamlines

Spheroid	=	elliptical	

streamlines

~u110 = ~Ω110 ⇥ ~r + ~r�
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

ω110

Ω
=

2

1 + (1− η)2
<latexit sha1_base64="B2RXMvaYNsvGDGf0iR2G/wud69A="></latexit>

~u110 = ~Ω110 ⇥ ~r + ~r�
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

The simplest inertial mode is a quasi solid body rotation along an equatorial direction.known 
under various names:


• Q211 mode, Spin-over mode. (Greenspan)


• Poincaré mode. (Too many people)


• Tilt-over mode, (Toomre, Noir, Zhang) 


• (110)-mode (K. Zhang)


• FCN: Free Core Nutation (Astronomers)


= ~Ω110 ⇥
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

This mode has a uniform vorticity, the velocity is linear is the spatial coordinates.
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u× dl = 0

Probing planetary interiors through the variation of their rotation.

Librations Precession / Nutations

Tides
nasa.gov nasa.gov

nasa.gov
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Motor 1

Motor 2

P1

P2

Libration in Longitude



J.Noir (ETHZ) - WITGAF Cargese July 2019
 36

Fluid rotation amplitude from the point of 
view of an observer located on the mantle

Libration in Latitude



Planetary	core	flows	driven	by	precession:

Mantle

Noir	2000

Precession

Spheroid

~Ωs
<latexit sha1_base64="XXYNeRnNNvA7F0l9PsBe31uTHs8="></latexit>

~Ωp
<latexit sha1_base64="Hi63udSNQ1mc7ogiEgPdrO4U79s="></latexit>

Let’s	consider	a	homogeneous	fluid,	of	uniform	density,	enclosed	in	a	rapidly	rotating	spheroidal	cavity.	

The	cavity	shape	is	characterised	by	(a,c)	the	equatorial	and	polar	radius	respectively.

Control	

parameters

Po =

Ωp

Ωs
<latexit sha1_base64="AVEMJ1f+41VHCzTwhrQfdJf1peo="></latexit>

E =

ν

ΩsR
2

<latexit sha1_base64="PtYTZ/0w1lARCDFLjSEevs+RUHQ="></latexit>

η =

a− c

a
<latexit sha1_base64="kMndFsNf0A+t5KDBteZeEsQTOio="></latexit>

α
<latexit sha1_base64="O9NmhuMxIyUjl9yrZNx3esJDvno="></latexit>



As	the	mantle	precesses,	the	core	remains	in	rotation	

but	along	a	slightly	tilted	axis.	
Mantle

Sloudsky	1895,	Poincare	1910,	Busse	

1968,		

Noir	and	Cebron	2015,	Cebron	et	al	2019.

Precession

Fluid	Core

In	the	frame	of	precession,	i.e.	the	turntable,	the	rotation	of	the	fluid	and	of	the	mantle	

are	fixed,	viewed	from	the	lab	both	axis	are	precessing	at	the	same	rate.

~Ωs
<latexit sha1_base64="XXYNeRnNNvA7F0l9PsBe31uTHs8="></latexit> ~Ωp

<latexit sha1_base64="Hi63udSNQ1mc7ogiEgPdrO4U79s="></latexit>

~Ωf
<latexit sha1_base64="xc4xGCbz4zSO7YzVrkvSTuGqlMs="></latexit>

Spheroid

~Ωs
<latexit sha1_base64="XXYNeRnNNvA7F0l9PsBe31uTHs8="></latexit>

~Ωp
<latexit sha1_base64="Hi63udSNQ1mc7ogiEgPdrO4U79s="></latexit>

~Ωf
<latexit sha1_base64="xc4xGCbz4zSO7YzVrkvSTuGqlMs="></latexit>



Viewed	from	an	observer	fixed	on	

the	mantle,	this	vector	travels	in	a	

retrograde	direction	with	the	

period	of	rotation	of	the	mantle:

~r · ~u = 0
<latexit sha1_base64="vfdMj7xeaq9ZuSXhF61jQ1guo+c="></latexit>

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ+ E~r

2
~u+ ~r ⇥

d~Ω

dt
<latexit sha1_base64="rFpKY4GHWF2zIEOoQJZa1+N4RPE="></latexit>

d~Ω

dt
=

~Ωp ×
~Ωs

Ω2
s

<latexit sha1_base64="vzsQCuB3AdmanZmhbIy57Mo11VM="></latexit>

~u = 0
<latexit sha1_base64="VGkE9pl0F4Ut8W7hrCqLaYAVtAU="></latexit> At	the	

d~Ω

dt
=

~Ωp ×
~Ωs

Ω2
s

<latexit sha1_base64="nxlRh7kN/3wY7FTxcGjIdfNshc0="></latexit>

Control	parameters

η =
a− c

a

∼ 10
−4

<latexit sha1_base64="sI5jLpa+zoYaPCGUpJrHLYZDXc4="></latexit>

E =
ν

Ωsa
2
∼ 10

−12

<latexit sha1_base64="23gXw/KBLQBgJsvN3URScIFbAco="></latexit>

Po =
Ωp

Ωs

∼ −10
−4

<latexit sha1_base64="oWM1PWdnsWv4K+vW2dww1f/lecQ="></latexit>

α = 1.5
�

<latexit sha1_base64="LQhMgegmK6H7p0kp4uhKXnT0pxk="></latexit>

The	Poincare	acceleration	takes	the	form	of	a	solid	body	rotation	and	appears	

as	a	forcing	term	in	the	equations.

Let’s	look	at	the	equations	in	the	frame	attached	to	the	mantle,	 ~Ω = ~Ωs +
~Ωp

<latexit sha1_base64="AalcWchj0P6HxQOVAnVQSbnbOgc="></latexit>



The	Poincare	acceleration	takes	the	form	of	a	solid	body	rotation	and	appears	

as	a	forcing	term	in	the	equations.

Control	parameters

~r · ~u = 0
<latexit sha1_base64="vfdMj7xeaq9ZuSXhF61jQ1guo+c="></latexit>

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ+ ~r ⇥

d~Ω

dt
<latexit sha1_base64="mSADQJIaaRD6hXNljVcIZj+lVjk="></latexit>

d~Ω

dt
= Posin↵(cos(t)êx + sin(t)êy)

<latexit sha1_base64="2Rb2n+0pTXu4lvWE7FWMKZ2PFQs="></latexit>

η =
a− c

a

∼ 10
−4

<latexit sha1_base64="sI5jLpa+zoYaPCGUpJrHLYZDXc4="></latexit>

E =
ν

Ωsa
2
∼ 10

−12

<latexit sha1_base64="23gXw/KBLQBgJsvN3URScIFbAco="></latexit>

Po =
Ωp

Ωs

∼ −10
−4

<latexit sha1_base64="oWM1PWdnsWv4K+vW2dww1f/lecQ="></latexit>

α = 1.5
�

<latexit sha1_base64="LQhMgegmK6H7p0kp4uhKXnT0pxk="></latexit>

d~Ω

dt
=

~Ωp ×
~Ωs

Ω2
s

<latexit sha1_base64="nxlRh7kN/3wY7FTxcGjIdfNshc0="></latexit>

~u110 = ~Ω110 ⇥ ~r + ~r�
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>~u110 = ~Ω110 ⇥ ~r +

<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

Poincaré	mode:

Let’s	look	at	the	equations	in	the	frame	attached	to	the	mantle,	 ~Ω = ~Ωs +
~Ωp

<latexit sha1_base64="AalcWchj0P6HxQOVAnVQSbnbOgc="></latexit>



The	Poincare	acceleration	takes	the	form	of	a	solid	body	rotation	and	appears	

as	a	forcing	term	in	the	equations.

~r · ~u = 0
<latexit sha1_base64="vfdMj7xeaq9ZuSXhF61jQ1guo+c="></latexit>

@~u

@t
+ 2~Ω⇥ ~u = �~rΠ+ ~r ⇥

d~Ω

dt
<latexit sha1_base64="mSADQJIaaRD6hXNljVcIZj+lVjk="></latexit>

d~Ω

dt
= Posin↵(cos(t)êx + sin(t)êy)

<latexit sha1_base64="2Rb2n+0pTXu4lvWE7FWMKZ2PFQs="></latexit>

~u110 = ~Ω110 ⇥ ~r + ~r�
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>~u110 = ~Ω110 ⇥ ~r +

<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

Poincaré	mode:

Mantle Fluid	Core

Spheroid

~Ω110
<latexit sha1_base64="BHPin1VEikS1azZUnVntkuzEoUk="></latexit>

Let’s	look	at	the	equations	in	the	frame	attached	to	the	mantle,	 ~Ω = ~Ωs +
~Ωp

<latexit sha1_base64="AalcWchj0P6HxQOVAnVQSbnbOgc="></latexit>
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To go further

1. Greenspan  section 2 

2. K.K. Zhang  section 2 

3. S. Vantieghem 2014, PRSL, Inertial modes in a 

rotating triaxial ellipsoid,  

4. Ivers et al. 2015, JFM: Enumeration , orthogonality 

and completeness of the incompressible Coriolis 

modes in a sphere.



x

~u110 = ~Ω110 ⇥ ~r + ~r�
<latexit sha1_base64="35ZvWTv2wtj/uyCRqmmFAJpv+fU="></latexit>

+ ~r ⇥
d~Ω

dt
<latexit sha1_base64="rFpKY4GHWF2zIEOoQJZa1+N4RPE="></latexit>

~Ω110
<latexit sha1_base64="HenGLPI0hEZ7JjzECuGI7uR4n8g="></latexit>

ω d~Ω

dt

= Ωs

<latexit sha1_base64="3xOzrnMk4PLKyKInI9eCf2JOiEY="></latexit>

ω110 =
2

1 + (1− η)2
Ω

<latexit sha1_base64="jJAqibGWQ1jdHDVcQB/Ua1KqiTU="></latexit>

~Ω = ~Ωs +
~Ωp

<latexit sha1_base64="HUdxZfzkqBXYK4AcjlyZzTG7VAE="></latexit>

d~Ω

dt
=

~Ωp ×
~Ωs

Ω2
s

<latexit sha1_base64="nxlRh7kN/3wY7FTxcGjIdfNshc0="></latexit>

~Ω = ~Ωs +
~Ωp

<latexit sha1_base64="HUdxZfzkqBXYK4AcjlyZzTG7VAE="></latexit>

Resonance between the Poincaré mode (FCN) and the Precession / Nutation Forcing

Resonance Ωs =
2

1 + (1− η)2
|Ωp + Ωs|

<latexit sha1_base64="iGVbwuQyw1IlQj9RoJwo+70+1So="></latexit>

In the limit: η << 1, Po << 1, α << 1
<latexit sha1_base64="RMpijEYgyIYlK2vJ2CVKtEFM8eo="></latexit> Po ∼ −η

<latexit sha1_base64="lCSiEjlB83abbM5YIbf7/ClPNMI="></latexit>

Po =

Ωp

Ωs
<latexit sha1_base64="AVEMJ1f+41VHCzTwhrQfdJf1peo="></latexit>


