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» Motivation: rotationally constrained convective systems

» Planetary + Stellar interiors
» Turbulence problem: high Re + balanced motions

e Reduced modeling approaches

» Asymptotically exact reductions of NSE that capture
balanced geostrophic dynamics

» Derivation for stably-stratified or unstably-stratified flows
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e [ncompressible tluid equations
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e Non-dimensional parameters (generic based on {L,U, L/U, P, AT})
e All fluid variables considered O(1)

e Conservation of volume averaged energy in absence of dissipation
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Nondimensional Parameters: Extreme

1
Re

(O +u - V) {—Z X U = —Equ]—k I'T'z - Viu

Turbulence challenge -
Dual cascade

log(E(k))

Separation of scales an issue ~ L/lx ~ Re¥* = N?° ~ Re
(10%)® ~ (1097 = DNS
(1061)3 ~ (10°1)3 = GAFD



Rotationally Constrained Stably-Stratified Flows
Fr=(A/TYY? <« Rox 1

,"" v

Source: NASA (GCM synthsizing stellite and in-situ data)



Rotationally Constrained Stably-Stratified Flows
Fr=(A/T)? < Ro< 1 (Marshall and Schott, JGR 1999)

Source: NASA (GCM synthsizing stellite and in-situ data)

Ro < Fr=(A/T)Y2 ~1



Rotationally Constrained Stably-Stratified Flows
Fr=(A/T)? < Ro< 1 (Marshall and Schott, JGR 1999)

Source: NAA (GCM synthsizing satellite and in-situ data)

Ro < Fr=(A/T)Y2 ~1



Rotationally Constrained Unstably-Stratified Flows
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GAFD Challenge

e Extrapolation by identifying scaling laws as a function of non-dimensional parameters

e | imitations on laboratory experiments and DNS prevent extrapolation at fixed Ro = Re - E
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Reduced Quasi-Geostrophic Equations (Unified across scales)
Balance: P =%y, = (—0yp, 0xty,Wy), Co=2-V Xuy= Vivy, T= T(Z) + Rod).
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Reduced Quasi-Geostrophic Equations (Unified across scales)
Balance: P =110, = (=0,1),0:00,105), Co=2-VxXug=ViYy, T= T(Z) + Ro9),.
Fluctuating Equations:
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Reduced Quasi-Geostrophic Equations (strong stratitication )

Balance: P = %, u = (—33/% Oz, @6)7 C’ =2z -V X uf) — Vi@b(l)a

Fluctuating Equations:
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Reduced Quasi-Geostrophic Equations (strong stratitication )

Balance; p=15, w=(=0,0,0.0,0p), (=%2-Vxuy,=Viy,, T=T(Z)+ Rod),.

Fluctuating Equations:
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Siegel et al GRL 2001 Courtesy Jeff Weiss

Potential Vorticity t= 0.05




Reduced Quasi-Geostrophic Equations (Unified)
Balance: p=15, w=(=0,0,0.0,0p), (=%2-Vxuy,=Viy,, T=T(Z)+ Rod),.
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Reduced Quasi-Geostrophic Equations (Unified)

Balance: p=15, w=(=0,0,0.0,0p), (=%2-Vxuy,=Viy,, T=T(Z)+ Rod),.
Fluctuating Equations:
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e Decompose into horizontally averaged (mean) & fluctuating components

f(CBL,Z,t) — 7(Z7t) + f/(iBL,Z,t) where 7 — %/fdﬂ?dy, F =0
T=T+7v

e Averaged continuity equations implies zero vertical mass flux

V- u=0w=0 = w=0 u=u, = (u,v,0)



Decomposed NSE

* Mean Equations:
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Decomposed NSE

* Mean Equations:
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Rotationally Constrained Flows - Geostrophic Balance Ro < 1

Geostrophy as the leading order balance
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Proudman-Taylor Theorem (1916, 1923):

~ J. Proudman 1888-1975 Gl. Taylor 1886-1975



Rotationally Constrained Flows - Geostrophic Balance Ro < 1

Geostrophy as the leading order balance

1
—2zZzXu+ EuVp=0
Ro

V-u=0

Proudman-Taylor Theorem (1916, 1923):

~ J. Proudman 1888-1975 Gl. Taylor 1886-1975
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Fluid motions are inherently columnar
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Strongly constrained GAFD flows are ,,A'Taylo-r ' olum 1 W
not 2D. ? How is 3D recaptured while . 2N |

preserving geostrophy | H



Rotationally constrained flows and aspect ratio
Rossby #: Ro=U/2QL < Ro=1,/Tt, <<l

e Reduction of NSE for geostrophically balanced flows exists across all scales.
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Julien et al. (1998)
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Rotationally constrained flows and aspect ratio
Rossby #: Ro=U/2QL < Ro=1,/Tt, <<l

e Reduction of NSE for geostrophically balanced flows exists across all scales.
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Anistropically-scaled NSE

¢ Fuctuating Equations:

2
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e |nterested in rotationally constrained limit Ro = ¢ < 1 and impact of anisotropy
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Asymptotic Exploration
e First requirement of an asymptotic theory - Determination of distinguished limits?

e Given small parameter Ro = ¢ < 1, what is
FEu~e’t, T ~eP? Re Pen~ &3 B, =7
e Given B; what are the relative magnitudes of the fluid variables?

T.,p,u=0(1) = 9 p,uLoru ,w=0()

e Utilize observations (often data-poor), laboratory exp’s & simulations (often not in
GAFD limit), theory (when it exists) or straight trial by fire



Necessary Conditions from Fluctuating Equations
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Necessary Conditions from Fluctuating Equations
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e Geostrophic balance: p' ~

e Planetary vortex stretching drives vortical motions
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Necessary Conditions from Fluctuating Equations
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Necessary Conditions from Fluctuating Equations
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e Geostrophic balance: p' ~

e Planetary vortex stretching drives vortical motions
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e Universal velocity scaling w' ~ ARo s.t. w' = ARow'



Rotationally constrained flows and aspect ratio

Rossby #: Ro=U/2QL < Ro=1,/1, <<l
QG Intermediate Convection
w = ARo << 1 w ~ Ro < 1 w' = ARo ~ 1
A=| H/L<<I H/L=0() H/L>>1
Charney (1948) Embid & Majda (1998) Julien et al. (1998)
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e Explore spatial anisotropy
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Necessary Conditions from Updated Mean Equations

¢ Mean Equations:

1 1
ou | —|—E%Oaz (UA)/’LL,J_) + %2 X ’Ll,g: A2R€azzﬂj_

- E _
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e Mean hydrostatic support Eu ~ ' A, hydrostatic balance if ARo® < T

* Mean flow driven by Reynolds stresses: u | < u'J_ = 0(1)

o | | Ro
e Dissipation subdominant if Re > 12



Updated Fluctuating Equations Ro=ex 1

e Given planetary vortex stretching constraint w’ = ARow’

¢ Fuctuating Equations
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e Observations:

- Vertical advection of momenta subdominant in prognostic dynamics (hallmark of QG
theory)
- Flows are largely horizontally non-divergent.
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e Given planetary vortex stretching constraint w’ = ARow’

¢ Fuctuating Equations
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- Flows are largely horizontally non-divergent.



Updated Fluctuating Equations Ro=ex 1

e Given planetary vortex stretching constraint w’ = ARow’

¢ Fuctuating Equations
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e Observations:

- Vertical advection of momenta subdominant in prognostic dynamics (hallmark of QG
theory)
- Flows are largely horizontally non-divergent.



Additional Conditions from Fluctuating Equations

e Given uw) < u'| =0(1)

¢ Fuctuating Equations
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* Geostrophic balance: P~
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e Potential energy reservoir: ¥ ~ Ro
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e Hydrostatic support: 'Y ~ = | T~
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Additional Conditions from Fluctuating Equations Ro=¢ <1

e Given uw) < u'| =0(1)

¢ Fuctuating Equations
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* Geostrophic balance: P~
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e Potential energy reservoir: ¥ ~ Ro
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e Hydrostatic support: 'Y ~ = | T~
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Updated Mean Equations

e Given 1I' ~

ARo? resulting from mean hydrostatic support
0

¢ Mean Equations:

0,1 | +E%oaz (

7 L, 1 B
w'u'| —I—%zqu—preﬁzzuL

- F -
AR0*0z (W'w') :[—fazp + FTJ

_ 1 _
(‘9tT + RO@Z (1?]’19/) = A2p azzT
€

1

e Mean hydrostatic support EFu~IT'A = Eu~ o
0

1

e Mean thermal dissipation bounded  Pe, Re 2 2R > 1
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Updated Mean Equations Ro=e¢«x1
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Distinguished Limit
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Fluid Variables
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Fluctuating:
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Asymptotic Perturbation Theory: Fluctuating Equations
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Asymptotic Perturbation Theory: Leading order
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e Diagnostic solution w linear relationship btw pressure & horizontal velocity field

e Comment: If vertical modulation was permissible as in columnar regimes
Proudman-Taylor constraint would eliminate them.



Asymptotic Perturbation Theory: First Order
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e |[FF all resonant terms in 1 are projected out




Asymptotic Perturbation Theory: First Order
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e Find ’UTorthogonal to the span of Egeov'. Then




Asymptotic Perturbation Theory: First Order
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Asymptotic Perturbation Theory: First Order
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Asymptotic Perturbation Theory: First Order
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three solvability conditions
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Reduced Quasi-Geostrophic Equations (Unified across scales)
Balance: P =%y, = (—0yp, 0xty,Wy), Co=2-V Xuy= Vivy, T= T(Z) + Rod).

Fluctuating Equations:
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Reduced Quasi-Geostrophic Equations (Unified across scales)
Balance: P =110, = (=0,1),0:00,105), Co=2-VxXug=ViYy, T= T(Z) + Ro9),.
Fluctuating Equations:
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e Slow inertial waves are retained in non-hydrostatic QG flows.



Dispersion Relation
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Non hydrostatic QG
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Dispersion Relation (anisotropically scaled
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slow igw’s retained in reduced model.
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Slow waves interact w geostrophic mode.



Reduced Quasi-Geostrophic Equations (Unified across scales)
Balance: P =110, = (=0,1),0:00,105), Co=2-VxXug=ViYy, T= T(Z)+ Ro9).

Fluctuating Equations:
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e Conservation Laws for non-hydrostatic QG
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Quasi-Geostrophic RBC Flow Regimes

Two new regimes
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Summary and Outlook

« H-QG and NH-QG model may viewed in a unified way
- Aspect Ratio A=H/L enters as the control parameter
- Universal velocity scaling identified W =A Ro
 NH-QG permitted an extensive survey of QG Rayleigh-Benard Convection
 Effort requires synergy between Lab exp’s, DNS, and reduced modeling
* Outlook
- Dynamo problem, generation of magnetic fields

- LSV & Inverse Cascade
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