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• Motivation: rotationally constrained convective systems 

‣ Planetary + Stellar interiors 
‣ Turbulence problem: high Re + balanced motions  

•  Reduced modeling approaches 

‣ Asymptotically exact reductions of NSE that capture              

  balanced geostrophic dynamics 

‣ Derivation for stably-stratified or unstably-stratified flows 
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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1

Re
r

2
u

r · u = 0

(∂t + u ·r)T =
1

Pe
r

2T
<latexit sha1_base64="L1ymAxq1nNa9uhrI/RbYtmw6Upc="></latexit>

{L,U, L/U, P,∆T}
<latexit sha1_base64="Qq1DB5uSbEnFrEZcMyjG0uzYQ8Y=">AAACBXicbVC7TsMwFHXKq5RXgBEGqxUSElVJYICxAgaGDkVq2kpNVDmu01p1nMh2kKKoCws/wEewMIAQK//A1r/BfQxQONK9OjrnXtn3+DGjUlnW2MgtLa+sruXXCxubW9s75u5eU0aJwMTBEYtE20eSMMqJo6hipB0LgkKfkZY/vJ74rXsiJI14Q6Ux8ULU5zSgGCktdc1DN4O1MnTKsHaqW70M3RvCFIIN6I66ZsmqWFPAv8Sek1K16J48jatpvWt+ub0IJyHhCjMkZce2YuVlSCiKGRkV3ESSGOEh6pOOphyFRHrZ9IoRPNJKDwaR0MUVnKo/NzIUSpmGvp4MkRrIRW8i/ud1EhVcehnlcaIIx7OHgoRBFcFJJLBHBcGKpZogLKj+K8QDJBBWOriCDsFePPkvaZ5V7POKdafTuAIz5MEBKIJjYIMLUAW3oA4cgMEDeAav4M14NF6Md+NjNpoz5jv74BeMz2+T8Zhr</latexit>

• All fluid variables considered O(1)
<latexit sha1_base64="r8hBVc5xzuXkt4z9Th/xfoJzwrI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M7QIFaEkutBl0Y07K9gHNKFMppN26OTBzESIoX/hzo0LRdz6Ke76N07aLrT1wMDhnHu5Z44XcyaVZU2Nwtr6xuZWcbu0s7u3XzYPDtsySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0441vcr/zSIVkUfig0pi6AR6GzGcEKy31zXLmBFiNCOboblKzT/tm1apbM6BVYi9ItVFxzp6njbTZN7+dQUSSgIaKcCxlz7Zi5WZYKEY4nZScRNIYkzEe0p6mIQ6odLNZ8Ak60coA+ZHQL1Ropv7eyHAgZRp4ejJPKZe9XPzP6yXKv3IzFsaJoiGZH/ITjlSE8hbQgAlKFE81wUQwnRWRERaYKN1VSZdgL395lbTP6/ZF3brXbVzDHEU4hgrUwIZLaMAtNKEFBBJ4gTd4N56MV+PD+JyPFozFzhH8gfH1A7UZlW0=</latexit>



E =
1

2

⌦

u · u+ Γ(T − z)2
↵

V
,

dE

dt
= 0

<latexit sha1_base64="OorrWZRegDgByl2veWLMs40uO7Y="></latexit>

• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Conservation of volume averaged energy in absence of dissipation
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• Incompressible fluid equations 
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• Conservation of volume averaged energy in absence of dissipation

• Conservation of potential vorticity in absence of dissipation 
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 Nondimensional Parameters: Extreme
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 Rotationally Constrained Stably-Stratified Flows

Source: NASA (GCM synthesizing satellite and in-situ data)  

Fr = (A/Γ)1/2 ⌧ Ro ⌧ 1
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liquid outer  Sun: Stellar planetary 

Gastine et al JFM 2016 Heimpel et al Nature 2005 Brown et al ApJ 2008

Image:  E. 

Dynamos Zonal flows Convective zones

 Rotationally Constrained Unstably-Stratified Flows

Ro ∼ 10
−2

Re ∼ 10
4

Pr = 1

Ro ∼ 10−6

Fr = O(1)

Re ∼ 108
+



 GAFD Challenge

Ro = Re · E

• Limitations on laboratory experiments and DNS prevent extrapolation at fixed Ro = Re · E

lim
Re→∞,Ro=✏

(NSE) = Hard Re =
UL

ν

, Ro = Re · E =
U

2ΩL

• Extrapolation by identifying scaling laws as a function of non-dimensional parameters 

courtesy M. Calkins



Reduced Quasi-Geostrophic Equations (Unified across scales)
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0

0
=

1

Re

✓
r?.+

1

A
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ẑ∂Z

◆2

ŵ
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Reduced Quasi-Geostrophic Equations (Unified across scales)
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Reduced Quasi-Geostrophic Equations (Unified across scales)
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ŵ
0

0

(∂t + u
0

0?
·r?)ϑ̂

0

0
+ ŵ
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Reduced Quasi-Geostrophic Equations (strong stratification )
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Reduced Quasi-Geostrophic Equations (strong stratification )

Vert.  Vorticity 

Vert.  Velocity 
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0

0
=

1

Re

✓
r?.+

1

A
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0

0
+ ∂Zψ

0

0
= eΓϑ̂0

0
+

(ARo)2

Re

✓
r?.+

1

A
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Reduced Quasi-Geostrophic Equations (Unified)
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temperature anomaly
a)

Sakai JFM 1997



Reduced Quasi-Geostrophic Equations (Unified)
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0

0
+ ∂Zψ

0

0
= eΓϑ̂0

0
+

(ARo)2

Re

✓
r?.+

1

A
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• Decompose into horizontally averaged (mean) & fluctuating components

• Averaged continuity equations implies zero vertical mass flux

f(x⊥, z, t) = f(z, t) + f 0(x⊥, z, t) where f =
1

A

Z
fdxdy, f 0 = 0
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• Fluctuating Equations:

• Mean Equations: 

• No approximations at this stage
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• Mean Equations: 
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•  Interested in rotationally constrained limit Ro = ε ⌧ 1
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1

Ro
ẑ ⇥ u+ Eurp ⇡ 0

r · u = 0

∂z(u, p) ≈ 0 J. Proudman 1888-1975 GI. Taylor 1886-1975

 Rotationally Constrained Flows - Geostrophic Balance

Geostrophy as the leading order balance  

Proudman-Taylor Theorem (1916, 1923):

Ro ⌧ 1
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Ro
ẑ ⇥ u+ Eurp ⇡ 0

r · u = 0

∂z(u, p) ≈ 0 J. Proudman 1888-1975 GI. Taylor 1886-1975

 Rotationally Constrained Flows - Geostrophic Balance

Geostrophy as the leading order balance  

Proudman-Taylor Theorem (1916, 1923):

Fluid motions are inherently columnar 

Ro ⌧ 1

Strongly constrained GAFD flows are 

not 2D. ? How is 3D recaptured while 

preserving geostrophy

Aurnou UCLA SpinLab



QG Intermediate  Convection 

H /L <<1 H /L =O(1) H /L >>1
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Charney (1948) Embid & Majda (1998) Julien et al. (1998) 
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Ro =U /2"L # Ro = $" /$U <<1

p

Rossby #: 

Rotationally constrained flows and aspect ratio  

1 (1) 1

1

p

• Reduction of NSE for geostrophically balanced flows exists across all scales.
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ẑ∂Z

<latexit sha1_base64="PyHFqATnXG7OhZq55Y9tEiY6Q24="></latexit>

•  Rapid scales may exist in extended direction but requires a multiscale analysis 

r
∗

⊥
=

1

L
r⊥ +

1

H

br⊥
<latexit sha1_base64="aPdWvZ84qz1lZWa6xnIqMdqHVlc="></latexit>

∂
∗

z
=

1

L

b∂z +
1

H
∂Z

<latexit sha1_base64="zhN5hBe2rmyuXPqZDrly9xFmwsg="></latexit>

• Reduction of NSE for geostrophically balanced flows exists across all scales.



• Fluctuating Equations:

• Mean Equations: 

•  Interested in rotationally constrained limit                      and impact of anisotropyRo = ε ⌧ 1
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• Given    , what are the relative magnitudes of the fluid variables?
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• Utilize observations (often data-poor), laboratory exp’s & simulations (often not in 
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• Given    , what are the relative magnitudes of the fluid variables?
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ẑ ·r⇥

�
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ẑ∂Z

◆2

u
0

?

(∂t + u? ·r?)w
0 +

1

A
w0

∂Zw
0
�

1

A
∂Z

�

w0w0
�

= �
Eu

A
∂Zp

0 + Γϑ
0 +

1

Re

✓

r
2

?
+

1

A
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• Planetary vortex stretching drives vortical motions 

Necessary Conditions from Fluctuating Equations
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ẑ∂Z

◆2

w0

r? · u
0

?
+

1

A
∂Zw

0 = 0

(∂t + u? ·r?)ϑ
0 +

1

A
w0

∂ZT �
1

A
∂Z

�

w0ϑ0
�

=
1

Pe

✓

r
2

?
+

1

A
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• Geostrophic balance: p0 ∼
1

EuRo
u0

?
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• Planetary vortex stretching drives vortical motions 

Necessary Conditions from Fluctuating Equations

• Universal velocity scaling                     s.t.w
0
∼ ARo
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QG Intermediate  Convection 

H /L <<1 H /L =O(1) H /L >>1
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Charney (1948) Embid & Majda (1998) Julien et al. (1998) 
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Rotationally constrained flows and aspect ratio  
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⇠ Ro ⌧ 1
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• Mean Equations: 

Ro = ε ⌧ 1
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• Mean hydrostatic support                    ,  hydrostatic balance if Eu ∼ ΓA
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u⊥ ⌧ u
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?
= O(1)
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Necessary Conditions from Updated Mean Equations

ARo
2
< Γ
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• Dissipation subdominant if   Re >
Ro
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• Fluctuating Equations

Ro = ε ⌧ 1
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• Given planetary vortex stretching constraint 

• Observations:
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Updated Fluctuating Equations

- Vertical advection of momenta subdominant in prognostic dynamics (hallmark of QG      

theory) 

- Flows are largely horizontally non-divergent. 
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0
<latexit sha1_base64="0r+8cG7HzvPN1UDRa+53tyo5HeE=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1ikLqQkutBNserGZRX7gCaUyXTaDp1kwszEUkLBXxHBhSJu/QP3bsS/cdJ2oa0HLhzOuZd77/EjRqWy7W8jMze/sLiUXTZXVtfWN6zNrarkscCkgjnjou4jSRgNSUVRxUg9EgQFPiM1v3eZ+rU7IiTl4a0aRMQLUCekbYqR0lLT2unnYRGewxvuHkLodpGC/bzZtHJ2wR4BzhJnQnJnH2Yxevwyy03r021xHAckVJghKRuOHSkvQUJRzMjQdGNJIoR7qEMamoYoINJLRucP4b5WWrDNha5QwZH6eyJBgZSDwNedAVJdOe2l4n9eI1btUy+hYRQrEuLxonbMoOIwzQK2qCBYsYEmCAuqb4W4iwTCSieWhuBMvzxLqkcF57hgX9u50gUYIwt2wR44AA44ASVwBcqgAjBIwAN4Bi/GvfFkvBpv49aMMZnZBn9gvP8AUOaWIg==</latexit>

Updated Fluctuating Equations

- Vertical advection of momenta subdominant in prognostic dynamics (hallmark of QG      

theory) 

- Flows are largely horizontally non-divergent. 

(∂t + u? ·r?)u
0

?
+

1

Ro
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∂ZT �Ro∂Z
�
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0
⇡ �

Eu

A2Ro
∂Zp

0 +
Γ

ARo
ϑ
0 +

1

Re

✓

r
2

?
+

1

A
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• Mean Equations: 
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ŵ0ŵ0
�

= −

Eu

A
∂Zp+ ΓT

∂tT +Ro∂Z
�
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Fluid Variables

Mean:

p, T = O(1)

u⊥ = O(Ro2), w = 0
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Asymptotic Perturbation Theory: Fluctuating Equations 

• Introduce asymptotic expansions v̂
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• Solve sequence of linear homogeneous PDE’s: 

• Ensure solution remain bounded in space and time at all orders
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Asymptotic Perturbation Theory: Leading order  

• Diagnostic solution w linear relationship btw pressure & horizontal velocity field
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Asymptotic Perturbation Theory: First Order  

• Requirement         bounded

• IFF all resonant terms in         are projected out         

eov
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� ŵ0

0
∂ZT 0 +

1

Pe

�

r
2

?
+ 1

A
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ẑ∂Z

�2

ŵ0
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O L

O(Ro) : Lgeov
0

1
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0

<latexit sha1_base64="4UlzfJPJZ/t3Cx3gArqGfYaaQZs="></latexit>

v
†

<latexit sha1_base64="RnviWB+ebjQnz0hxSnafRtmH9yg=">AAAB/3icbVA7T8MwGHR4lvAKILGwRFRITFUCAyyIChbGItGH1ITKcZzUqmNHtlOpCh34KzAwgBArv4CdBfFvcNoO0HKS5dPd98nnC1JKpHKcb2NufmFxabm0Yq6urW9sWlvbDckzgXAdccpFK4ASU8JwXRFFcSsVGCYBxc2gd1n4zT4WknB2owYp9hMYMxIRBJWWOtauF3AaykGir7w/vPVCGMdYdKyyU3FGsGeJOyHl8w/zLH38Mmsd69MLOcoSzBSiUMq266TKz6FQBFE8NL1M4hSiHoxxW1MGEyz9fJR/aB9oJbQjLvRhyh6pvzdymMgiop5MoOrKaa8Q//PamYpO/ZywNFOYofFDUUZtxe2iDDskAiNFB5pAJIjOaqMuFBApXZmpS3CnvzxLGkcV97jiXDvl6gUYowT2wD44BC44AVVwBWqgDhC4Aw/gGbwY98aT8Wq8jUfnjMnODvgD4/0HTsSZ6w==</latexit>

Lgeov =
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Asymptotic Perturbation Theory: First Order  
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solvability conditions 
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three solvability conditions 



Reduced Quasi-Geostrophic Equations (Unified across scales)
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Vert.  Vorticity 

Vert.  Velocity 

Temp.  Fluct. 

Fluctuating Equations:

T = T (Z) +Ro ϑ̂
0

0
.
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Reduced Quasi-Geostrophic Equations (Unified across scales)
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0

0
=

1

Re

✓
r?.+

1

A
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Vert.  Vorticity 

Vert.  Velocity 

Temp.  Fluct. 

Fluctuating Equations:

T = T (Z) +Ro ϑ̂
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ωeddy = 0

• Dispersion relation inertial waves            :

• Slow inertial waves are retained in non-hydrostatic QG flows.
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all i.w’s filtered slow i.w’s retained 
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Dispersion Relation

• Unstratified case:               eΓ = 0
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all i.w’s are fast and filtered from 

reduced model.  Classical QG

slow i.w’s retained in reduced model

Slow waves interact w geostrophic mode

Non hydrostatic QG
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• Stratified case:               eΓ 6= 0
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Dispersion Relation (anisotropically scaled)
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• Stratification Parameter
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all i.w’s are fast and filtered from reduced model. 

Unstratified Stratified case               eΓ = 0
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slow igw’s retained in reduced model.

Slow waves interact w geostrophic mode.

Classical QG

Nonhydrostatic QG



Reduced Quasi-Geostrophic Equations (Unified across scales)
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0

0
=

1

Re

✓
r?.+

1

A
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Vert.  Vorticity 

Vert.  Velocity 

Temp.  Fluct. 

Fluctuating Equations:

T = T (Z) +Ro ϑ̂
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• Conservation Laws for non-hydrostatic  QG
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 Quasi-Geostrophic RBC Flow Regimes

Two new regimes
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Summary and Outlook 

•  H-QG  and NH-QG model may viewed in a unified way 


      - Aspect Ratio A=H/L enters as the control parameter


      - Universal velocity scaling identified  W = A Ro 

• NH-QG permitted an extensive survey of QG Rayleigh-Benard Convection    

• Effort requires synergy between Lab exp’s, DNS, and reduced modeling


• Outlook


   - Dynamo problem, generation of magnetic fields


   - LSV & Inverse Cascade
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