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• Motivation: rotationally constrained convective systems 

‣ Planetary + Stellar interiors 
‣ Turbulence problem: high Re + balanced motions  

•  Reduced modeling approaches 

‣ Asymptotically exact reductions of NSE that capture              

  balanced geostrophic dynamics 

‣ Derivation for stably-stratified or unstably-stratified flows 
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Incompressible fluid equations 

• Non-dimensional parameters (generic based on                                   )
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• Conservation of volume averaged energy in absence of dissipation
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• Incompressible fluid equations 
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• Conservation of volume averaged energy in absence of dissipation

• Conservation of potential vorticity in absence of dissipation 

q =

✓

ω +
1

Ro
ẑ
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 Nondimensional Parameters: Extreme
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 Rotationally Constrained Stably-Stratified Flows

Source: NASA (GCM synthesizing satellite and in-situ data)  

Fr = (A/Γ)1/2 ⌧ Ro ⌧ 1
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liquid outer  Sun: Stellar planetary 

Gastine et al JFM 2016 Heimpel et al Nature 2005 Brown et al ApJ 2008

Image:  E. 

Dynamos Zonal flows Convective zones

 Rotationally Constrained Unstably-Stratified Flows

Ro ∼ 10
−2

Re ∼ 10
4

Pr = 1

Ro ∼ 10−6

Fr = O(1)

Re ∼ 108
+



 GAFD Challenge

Ro = Re · E

• Limitations on laboratory experiments and DNS prevent extrapolation at fixed Ro = Re · E

lim
Re→∞,Ro=✏

(NSE) = Hard Re =
UL

ν

, Ro = Re · E =
U

2ΩL

• Extrapolation by identifying scaling laws as a function of non-dimensional parameters 

courtesy M. Calkins



Reduced Quasi-Geostrophic Equations (Unified across scales)
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Reduced Quasi-Geostrophic Equations (Unified across scales)

(∂t + u
0

0?
·r?) ζ

0

0
� ∂Zŵ
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Reduced Quasi-Geostrophic Equations (Unified across scales)

(∂t + u
0

0?
·r?) ζ

0

0
� ∂Zŵ
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Reduced Quasi-Geostrophic Equations (strong stratification )
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Reduced Quasi-Geostrophic Equations (strong stratification )

Vert.  Vorticity 

Vert.  Velocity 

Temp.  Fluct. 

Fluctuating Equations:

p = ψ0

0
, u = (�∂yψ, ∂xψ, ŵ
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Reduced Quasi-Geostrophic Equations (Unified)
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ẑ∂Z

◆2

ϑ̂0

0

<latexit sha1_base64="7pvXSGYuWk5IG5IblBy4KEeHsrs="></latexit>

Vert.  Vorticity 

Vert.  Velocity 

Temp.  Fluct. 

Fluctuating Equations:

p = ψ0

0
, u = (�∂yψ, ∂xψ, ŵ
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temperature anomaly
a)

Sakai JFM 1997



Reduced Quasi-Geostrophic Equations (Unified)
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ŵ
0

0

(∂t + u
0

0?
·r?)ϑ̂

0

0
+ ŵ
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• Decompose into horizontally averaged (mean) & fluctuating components

• Averaged continuity equations implies zero vertical mass flux

f(x⊥, z, t) = f(z, t) + f 0(x⊥, z, t) where f =
1

A

Z
fdxdy, f 0 = 0
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• Fluctuating Equations:

• Mean Equations: 

• No approximations at this stage
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•  Interested in rotationally constrained limit Ro = ε ⌧ 1
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1

Ro
ẑ ⇥ u+ Eurp ⇡ 0

r · u = 0

∂z(u, p) ≈ 0 J. Proudman 1888-1975 GI. Taylor 1886-1975

 Rotationally Constrained Flows - Geostrophic Balance

Geostrophy as the leading order balance  

Proudman-Taylor Theorem (1916, 1923):

Ro ⌧ 1
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Ro
ẑ ⇥ u+ Eurp ⇡ 0

r · u = 0

∂z(u, p) ≈ 0 J. Proudman 1888-1975 GI. Taylor 1886-1975

 Rotationally Constrained Flows - Geostrophic Balance

Geostrophy as the leading order balance  

Proudman-Taylor Theorem (1916, 1923):

Fluid motions are inherently columnar 

Ro ⌧ 1

Strongly constrained GAFD flows are 

not 2D. ? How is 3D recaptured while 

preserving geostrophy

Aurnou UCLA SpinLab



QG Intermediate  Convection 

H /L <<1 H /L =O(1) H /L >>1
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Charney (1948) Embid & Majda (1998) Julien et al. (1998) 
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Ro =U /2"L # Ro = $" /$U <<1

p

Rossby #: 

Rotationally constrained flows and aspect ratio  

1 (1) 1

1

p

• Reduction of NSE for geostrophically balanced flows exists across all scales.
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• Fluctuating Equations:

• Mean Equations: 

•  Interested in rotationally constrained limit                      and impact of anisotropyRo = ε ⌧ 1
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• Given    , what are the relative magnitudes of the fluid variables?
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• Utilize observations (often data-poor), laboratory exp’s & simulations (often not in 
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• Given    , what are the relative magnitudes of the fluid variables?
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ẑ∂Z

◆2

u
0

?

(∂t + u? ·r?)w
0 +

1

A
w0

∂Zw
0
�

1

A
∂Z

�

w0w0
�

= �
Eu

A
∂Zp

0 + Γϑ
0 +

1

Re

✓

r
2

?
+

1

A
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• Planetary vortex stretching drives vortical motions 

Necessary Conditions from Fluctuating Equations
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• Geostrophic balance: p0 ∼
1

EuRo
u0

?
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• Planetary vortex stretching drives vortical motions 

Necessary Conditions from Fluctuating Equations

• Universal velocity scaling                     s.t.w
0
∼ ARo
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QG Intermediate  Convection 

H /L <<1 H /L =O(1) H /L >>1
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p

Charney (1948) Embid & Majda (1998) Julien et al. (1998) 
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Rotationally constrained flows and aspect ratio  
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⇠ Ro ⌧ 1
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• Mean Equations: 

Ro = ε ⌧ 1
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• Mean hydrostatic support                    ,  hydrostatic balance if Eu ∼ ΓA
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ŵ0ϑ0
�

=
1

A2Pe
∂ZZT

<latexit sha1_base64="90OSc+FlkH1m+cZM2YG9l1DIS9Y="></latexit>

u⊥ ⌧ u
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?
= O(1)
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Necessary Conditions from Updated Mean Equations

ARo
2
< Γ
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• Dissipation subdominant if   Re >
Ro
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• Fluctuating Equations

Ro = ε ⌧ 1
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• Given planetary vortex stretching constraint 

• Observations:
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ẑ∂Z

◆2

ŵ0

r? · u
0

?
+Ro ∂Zŵ
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Updated Fluctuating Equations

- Vertical advection of momenta subdominant in prognostic dynamics (hallmark of QG      

theory) 

- Flows are largely horizontally non-divergent. 
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ẑ∂Z

◆2

ϑ
0

<latexit sha1_base64="/gt3pJZvor1R6Sai0FHEqKssHD8="></latexit>



• Given

• Fluctuating Equations

Ro = ε ⌧ 1
<latexit sha1_base64="jbvYxGclfgA9dlcJER/FQ9g00oQ=">AAAB/nicbVC7SgNBFJ2NrxhfUbGyGQyCVdjVQhsxaGMZxTwgu4TZyd1kyOzMMjMbCEvAX7GxUMTW77DzU+ycPApNPHDhcM693HtPmHCmjet+Obml5ZXVtfx6YWNza3unuLtX1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDI+zfjP3GAJRmUjyYYQJBTLqCRYwSY6V28eBe4kt/QBQkmnEpsM859trFklt2J8CLxJuR0tV3NEG1Xfz0O5KmMQhDOdG65bmJCTKiDKMcRgU/1ZAQ2iddaFkqSAw6yCbnj/CxVTo4ksqWMHii/p7ISKz1MA5tZ0xMT897Y/E/r5Wa6CLImEhSA4JOF0Upx0bicRa4wxRQw4eWEKqYvRXTHlGEGptYwYbgzb+8SOqnZe+s7N65pco1miKPDtEROkEeOkcVdIuqqIYoytATekGvzqPz7Lw579PWnDOb2Ud/4Hz8AOUwmHk=</latexit>

• Geostrophic balance: 

• Hydrostatic support: 

• Potential energy reservoir:  ϑ0
∼ Ro

<latexit sha1_base64="agPGof9+sbbVwCcBZt+Qj0gr57A=">AAACAXicbVC7SgNBFJ2Nr7i+Vm0Em8EgWIVdLbQRgzaWUcwDsjHMTm6SITO7y8xsICyx8VO0sVDE1g+wtxH/xsmj0MQDFw7n3Dtz7wlizpR23W8rMze/sLiUXbZXVtfWN5zNrbKKEkmhRCMeyWpAFHAWQkkzzaEaSyAi4FAJuhdDv9IDqVgU3uh+DHVB2iFrMUq0kRrOjt8jUndAk1s/lkwA9hUT+DpqODk3746AZ4k3IbmzD/s0fviyiw3n029GNBEQasqJUjXPjXU9Na8zymFg+4mCmNAuaUPN0JAIUPV0dMEA7xuliVuRNBVqPFJ/T6REKNUXgekURHfUtDcU//NqiW6d1FMWxomGkI4/aiUc6wgP48BNJoFq3jeEUMnMrph2iCRUm9BsE4I3ffIsKR/mvaO8e+XmCudojCzaRXvoAHnoGBXQJSqiEqLoDj2iZ/Ri3VtP1qv1Nm7NWJOZbfQH1vsPxGCaEg==</latexit>

p0 ∼
1

EuRo
<latexit sha1_base64="HW18/gE0TvAb/tsLly9XD9X+hns=">AAACAnicbVC7SgNBFJ2NrxhfqxYSbAaDaBV2tTBlUATLKOYByRJmJ7PJkJnZZWZWCMti46/YWChi60eInTa2foaTR6GJBy4czrmXe+/xI0aVdpwPKzM3v7C4lF3OrayurW/Ym1s1FcYSkyoOWSgbPlKEUUGqmmpGGpEkiPuM1P3+2dCv3xCpaCiu9SAiHkddQQOKkTZS285HBxC2FOWwFUiEEzdNzmN4FaawbRecojMCnCXuhBTKpa+3nc/vfKVtv7c6IY45ERozpFTTdSLtJUhqihlJc61YkQjhPuqSpqECcaK8ZPRCCveN0oFBKE0JDUfq74kEcaUG3DedHOmemvaG4n9eM9ZByUuoiGJNBB4vCmIGdQiHecAOlQRrNjAEYUnNrRD3kIlCm9RyJgR3+uVZUjsqusdF59KkcQrGyIJdsAcOgQtOQBlcgAqoAgxuwT14BE/WnfVgPVsv49aMNZnZBn9gvf4Az+WaLA==</latexit>

Γϑ
0
∼

1

ARo
⇒ Γ ∼

1

ARo2
<latexit sha1_base64="i+4v4IfaCI4vKTi65KSTYaRNxhg="></latexit>

Additional Conditions from Fluctuating Equations

u⊥ ⌧ u
0

?
= O(1)

<latexit sha1_base64="dt8E0NlR0X5trHPxduZBk4sSpOA="></latexit>

(∂t + u? ·r?)u
0

?
+

1

Ro
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• Mean Equations: 
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Hydrostatic Support  

Mean thermal dissip’n bound
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Fluid Variables

Mean:

p, T = O(1)
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ẑ ⇥ u
0

?
+r?p̂

0

0

r? · u0

?

0





















<latexit sha1_base64="ex+4uYLOisuuqm3nBgp5/yOvWHQ="></latexit>

R = Ro

0

B

B

B

B

B

B

B

B

B

B

@

�

⇣

�

∂t + u
0

?
·r?

�

u
0

?
�

1

Re

�

r
2

?
+ 1

A
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Asymptotic Perturbation Theory: Fluctuating Equations 

• Introduce asymptotic expansions v̂
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• Solve sequence of linear homogeneous PDE’s: 

• Ensure solution remain bounded in space and time at all orders
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Asymptotic Perturbation Theory: Leading order  

• Diagnostic solution w linear relationship btw pressure & horizontal velocity field
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• Comment: If vertical modulation was permissible as in columnar regimes  

   Proudman-Taylor constraint would eliminate them.
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Asymptotic Perturbation Theory: First Order  

• Requirement         bounded

• IFF all resonant terms in         are projected out         
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Asymptotic Perturbation Theory: First Order  
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solvability conditions 
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ŵ0

0

⌘

�∂Zŵ
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ẑ ⇥ u
0

?
+r?p̂

0

0

r? · u0

?

0





















<latexit sha1_base64="ex+4uYLOisuuqm3nBgp5/yOvWHQ="></latexit>

Asymptotic Perturbation Theory: First Order  

R1 =

0

B

B

B

B

B

B

B

B

B

B

@

�

⇣

(∂t + u
0

0?
·r?)u

0

0?
�

1

Re

�

r
2

?
+ 1

A
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three solvability conditions 



Reduced Quasi-Geostrophic Equations (Unified across scales)
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Reduced Quasi-Geostrophic Equations (Unified across scales)
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0

0
=

1

Re

✓
r?.+

1

A
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ẑ∂Z

◆2

ŵ
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ωeddy = 0

• Dispersion relation inertial waves            :

• Slow inertial waves are retained in non-hydrostatic QG flows.
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Dispersion Relation

• Unstratified case:               eΓ = 0
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all i.w’s are fast and filtered from 

reduced model.  Classical QG

slow i.w’s retained in reduced model

Slow waves interact w geostrophic mode

Non hydrostatic QG
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Dispersion Relation (anisotropically scaled)
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all i.w’s are fast and filtered from reduced model. 

Unstratified Stratified case               eΓ = 0
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slow igw’s retained in reduced model.

Slow waves interact w geostrophic mode.

Classical QG

Nonhydrostatic QG



Reduced Quasi-Geostrophic Equations (Unified across scales)
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ŵ
0

0

(∂t + u
0

0?
·r?)ϑ̂

0

0
+ ŵ
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• Conservation Laws for non-hydrostatic  QG
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 Quasi-Geostrophic RBC Flow Regimes

Two new regimes
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Summary and Outlook 

•  H-QG  and NH-QG model may viewed in a unified way 


      - Aspect Ratio A=H/L enters as the control parameter


      - Universal velocity scaling identified  W = A Ro 

• NH-QG permitted an extensive survey of QG Rayleigh-Benard Convection    

• Effort requires synergy between Lab exp’s, DNS, and reduced modeling


• Outlook


   - Dynamo problem, generation of magnetic fields


   - LSV & Inverse Cascade
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