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Gravity waves in stratified fluids are anisotropic

I N
2
= −

g

ρ

dρ

dz

I ω = N sin θ (independent of k)

I cg = Òkω is perpendicular to c =
ω

k2 k

Internal wave beams (IWB) are manifestations of this anisotropy

Mowbray & Rarity (1967)

2D infinitely long, uniform IWB are exact nonlinear solutions in an
inviscid, uniformly stratified Boussinesq fluid

Background
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Internal wave beams play an important part in the interaction of the
barotropic tide with sea-floor topography (tidal conversion)

I Simple model (Bell 1975) I Field observation (Holbrook 2005)

I Fully numerical simulation of oscillatory flow over a ridge of finite
steepness (Lamb 2003)

Background
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Stability of monochromatic waves
• Monochromatic internal waves of infinite extent are always unstable in 

the inviscid limit;  Mied (1976)

• Dominant mode of instability, known as Parametric Subharmonic 

Instability (PSI);  McEwan (1977), Drazin (1977)

o Fine-scale disturbances with sub-harmonic frequencies,          , due to resonant 

triad mechanism 

• Analytical, numerical, and experimental investigations suggest subsequent 

breakdown leads to turbulence and mixing (1990’s—2000’s)
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Stability of internal wave beams

• Internal waves in nature and laboratory are not always monochromatic 

• Finite width of internal wave beam plays crucial role in instability (Bourget et al. 2014, 

Karimi & Akylas 2014) 

• Weakly nonlinear model (Karimi & Akylas 2014, 2017) for locally confined waves shows: 

• Without background rotation, profile must be nearly monochromatic for PSI to exist 

• With background rotation, profile can be general but primary wave frequency ~ 2f

Bourget et al. (2013)
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Stability of internal wave beams

For PSI (perturbation growth), competition between  

time to grow via nonlinearity  

vs. 

time to leave primary beam

Bourget et al. (2013)

Fine-scale subharmonic perturbations


(modulated by primary wave) move 

according to group velocity (projection)

Primary wave beam


(finite width)

Perturbations cannot grow 

outside of primary beam

Karimi et al. (2014)
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PSI in the natural environment — locally confined + mean flows

Theory/simulation overpredicts severity of PSI compared to observations around the critical latitude 

(Alford et al. 2007, MacKinnon et al. 2013)

How do background mean flows affect internal wave beam PSI?

Without mean flow With mean flow

Richet et al. (2017)

Vast body of work on plane waves, but only 

recently locally confined beams  

(Bourget et al. 2014, Karimi et al. 2014)

Large-scale currents ubiquitous, 

but mostly ignored
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Classical PSI — resonant interaction between primary wave and fine-scale subharmonics:

PSI with mean flow — plane waves

Via resonant interaction theory, in the fluid frame, PSI resonance is the same:


Mean flow only has minor effect on PSI for plane waves 

• most unstable perturbations are still short-scale


• with rotation, mean flow changes cutoff frequency for propagating waves (i.e. Richet et al. 2017)

σ0 ←→ σ± =
σ0

2
<latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="2xq7ZrZcuilRS3aYiMTGBxBuV+w=">AAACBXicbZDLSgMxGIX/qbc6Vq1rN8EiuCgl40aXghuXFewF2lIymUwbmsmEJFMcSl/ArT6NO/EpfBkxnXbRiwcCh3P+kD9fqAQ3FuMfr7S3f3B4VD72Tyr+6dl5tdI2aaYpa9FUpLobEsMEl6xluRWsqzQjSShYJ5w8LvrOlGnDU/lic8UGCRlJHnNKrIuaw2oNN3AhtGuClanBSsPqbz9KaZYwaakgxvQCrGw9M0yShJl6NOXKFHYwI9pyKtjc77taETohI9ZbH3gttp+ja9dHKE61O9KiIl2/NCOJMXkSusmE2LHZ7hbhv50a54ZTs7lBZuP7wYxLlVkm6fL1OBPIpmjBB0VcM2pF7gyhmrs/IDommlDrKPqOV7BNZ9e0bxsBbgTPGMpwCVdwAwHcwQM8QRNaQCGCN3j3PrxP72vJteStAF/AhrzvP4hYnNI=</latexit><latexit sha1_base64="Fj/ZTF9RijNQ0N87HCRx5xYitEo="></latexit><latexit sha1_base64="Fj/ZTF9RijNQ0N87HCRx5xYitEo="></latexit><latexit sha1_base64="blxeQI2zBAy96Ph9NkEOdq1M+I0="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit><latexit sha1_base64="6qR/09yPMTxJAWNr1qCW00ojuUQ="></latexit>

What about for locally confined beams?

ω0 ←→ ω± =
ω0

2
<latexit sha1_base64="ivbFKn5UzAOgVAYCOGVQovXCL4Q="></latexit><latexit sha1_base64="ivbFKn5UzAOgVAYCOGVQovXCL4Q="></latexit><latexit sha1_base64="ivbFKn5UzAOgVAYCOGVQovXCL4Q="></latexit><latexit sha1_base64="ivbFKn5UzAOgVAYCOGVQovXCL4Q="></latexit>

ω+ + ω
−
= ω0

k+ + k
−
= k0

<latexit sha1_base64="NxRjrolm5oJLW/bXEeukYHLjKxE="></latexit><latexit sha1_base64="NxRjrolm5oJLW/bXEeukYHLjKxE="></latexit><latexit sha1_base64="NxRjrolm5oJLW/bXEeukYHLjKxE="></latexit><latexit sha1_base64="NxRjrolm5oJLW/bXEeukYHLjKxE="></latexit>

With mean flow, Doppler shifted dispersion relation:

(ω − u|k| sin θ
| {z }

≡σ, frequency
in fluid frame

)2 = sin2 θ

<latexit sha1_base64="x1KajsUqlYYZEEEMNoZbCHlf72Q="></latexit>
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•Therefore, primary wave profile has form

Effect of mean flow on primary wave

•Primary wave with carrier wavevector

k0 = êη
<latexit sha1_base64="gWF8gil54wuX2+PbZRZvr8W1siQ=">AAACM3icbZBLSwMxFIUzvq2vqktBgkUQkTKjgm6EgiAuK1gVOmXIpLc2NPMguVMsw4ALf41b9ceIO3HrXxDTaRe19ULgcM4Jyf38WAqNtv1uTU3PzM7NLywWlpZXVteK6xs3OkoUhxqPZKTufKZBihBqKFDCXayABb6EW79z3s9vu6C0iMJr7MXQCNh9KFqCMzSWV9x2u/5+2sk8m55Rt80wzQ3IMs8FZF6xZJftfOikcIaiRIZT9Yo/bjPiSQAhcsm0rjt2jAeJhpAFoA+aXRHrXDZSplBwCVnBNXHMeIfdQ3208JCvl9FdkzdpK1LmhEhzd/RSygKte4FvmgHDth7P+ua/WdzuacH13x8k2DptpCKME4SQD15vJZJiRPsAaVMo4Ch7RjCuhNmB8jZTjKPBXDDAnHE8k+LmsOwclQ+vjkuVi8cBugWyRXbIHnHICamQS1IlNcLJE3kmL+TVerM+rE/ra1Cdsoa4N8mfsb5/AaAJrDM=</latexit>

ω0 = (1 + u) sin θ
<latexit sha1_base64="79GA+MOzif/dplIkEX0xbg7t0K8="></latexit>

•Source frequency and angle of inclination are 

related by

•Since locally confined profile, sidebands will 

propagate at different angle

H = µ(x sinΘ+ y cosΘ)

tanΘ =
−cg,y

cg,x + u
=

sin θ

cos θ + u/ cos θ
<latexit sha1_base64="CGea8erzaEELlchzysOYJ29ACEk="></latexit>

 0 = ⇢0 = ✏
n

Q(H)ei(η−ω0t) + c.c.
o

+ . . .
<latexit sha1_base64="R50616vtVjKbx+YnO65sccux7bk="></latexit>
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•To satisfy triad resonance conditions:

•Must assume small mean flow. For O(1) mean flow, no instability! (see Fan & Akylas 2019)

Evolution of subharmonics with mean flow

•Distinguished limit where effects of nonlinearity, group velocity, viscosity, and mean flow balance

•Primary wave 
!0 = sin ✓(1 + ✏

1/2
u) + . . .

<latexit sha1_base64="hWUtEMMQ2ldw+HDT6Gp2Wi4Yi8g="></latexit><latexit sha1_base64="hWUtEMMQ2ldw+HDT6Gp2Wi4Yi8g="></latexit><latexit sha1_base64="hWUtEMMQ2ldw+HDT6Gp2Wi4Yi8g="></latexit><latexit sha1_base64="hWUtEMMQ2ldw+HDT6Gp2Wi4Yi8g="></latexit>

k0 = eη + . . .

<latexit sha1_base64="PPMPvy6OE+lO1fG5eHSJy7fh7eA=">AAACNXicbZDJSgNBEIZ74hbjNurRS2MQREOYEUEvQkAEjxHMAkkYejqVpEnPQndNMIRcfRqv6rN48CZefQOxsxyy+EPDR/1VVNfvx1JodJwPK7Wyura+kd7MbG3v7O7Z+wdlHSWKQ4lHMlJVn2mQIoQSCpRQjRWwwJdQ8bu3I7/SA6VFFD5iP4ZGwNqhaAnO0JQ8m9Z7/tmgO/QcejNhGHp1QEbPab0ZofbsrJN3xqLL4E4hS6YqevavmeNJACFyybSuuU6MuURDyALQuWZPxHqMjQFTKLiEYaZu7JjxLmtDbbbhaXzgkJ4Yv0lbkTIvRDquzg4NWKB1P/BNZ8Cwoxe9UfFfL+70teB6/gcJtq4bAxHGCULIJ9tbiaQY0VGEtCkUcJR9A4wrYW6gvMMU42iCzpjA3MV4lqF8kXcNP1xmC3fT6NLkiByTU+KSK1Ig96RISoSTZ/JCXsmb9W59Wl/W96Q1ZU1nDsmcrJ8/t8Crsg==</latexit><latexit sha1_base64="PPMPvy6OE+lO1fG5eHSJy7fh7eA=">AAACNXicbZDJSgNBEIZ74hbjNurRS2MQREOYEUEvQkAEjxHMAkkYejqVpEnPQndNMIRcfRqv6rN48CZefQOxsxyy+EPDR/1VVNfvx1JodJwPK7Wyura+kd7MbG3v7O7Z+wdlHSWKQ4lHMlJVn2mQIoQSCpRQjRWwwJdQ8bu3I7/SA6VFFD5iP4ZGwNqhaAnO0JQ8m9Z7/tmgO/QcejNhGHp1QEbPab0ZofbsrJN3xqLL4E4hS6YqevavmeNJACFyybSuuU6MuURDyALQuWZPxHqMjQFTKLiEYaZu7JjxLmtDbbbhaXzgkJ4Yv0lbkTIvRDquzg4NWKB1P/BNZ8Cwoxe9UfFfL+70teB6/gcJtq4bAxHGCULIJ9tbiaQY0VGEtCkUcJR9A4wrYW6gvMMU42iCzpjA3MV4lqF8kXcNP1xmC3fT6NLkiByTU+KSK1Ig96RISoSTZ/JCXsmb9W59Wl/W96Q1ZU1nDsmcrJ8/t8Crsg==</latexit><latexit sha1_base64="PPMPvy6OE+lO1fG5eHSJy7fh7eA=">AAACNXicbZDJSgNBEIZ74hbjNurRS2MQREOYEUEvQkAEjxHMAkkYejqVpEnPQndNMIRcfRqv6rN48CZefQOxsxyy+EPDR/1VVNfvx1JodJwPK7Wyura+kd7MbG3v7O7Z+wdlHSWKQ4lHMlJVn2mQIoQSCpRQjRWwwJdQ8bu3I7/SA6VFFD5iP4ZGwNqhaAnO0JQ8m9Z7/tmgO/QcejNhGHp1QEbPab0ZofbsrJN3xqLL4E4hS6YqevavmeNJACFyybSuuU6MuURDyALQuWZPxHqMjQFTKLiEYaZu7JjxLmtDbbbhaXzgkJ4Yv0lbkTIvRDquzg4NWKB1P/BNZ8Cwoxe9UfFfL+70teB6/gcJtq4bAxHGCULIJ9tbiaQY0VGEtCkUcJR9A4wrYW6gvMMU42iCzpjA3MV4lqF8kXcNP1xmC3fT6NLkiByTU+KSK1Ig96RISoSTZ/JCXsmb9W59Wl/W96Q1ZU1nDsmcrJ8/t8Crsg==</latexit><latexit sha1_base64="PPMPvy6OE+lO1fG5eHSJy7fh7eA=">AAACNXicbZDJSgNBEIZ74hbjNurRS2MQREOYEUEvQkAEjxHMAkkYejqVpEnPQndNMIRcfRqv6rN48CZefQOxsxyy+EPDR/1VVNfvx1JodJwPK7Wyura+kd7MbG3v7O7Z+wdlHSWKQ4lHMlJVn2mQIoQSCpRQjRWwwJdQ8bu3I7/SA6VFFD5iP4ZGwNqhaAnO0JQ8m9Z7/tmgO/QcejNhGHp1QEbPab0ZofbsrJN3xqLL4E4hS6YqevavmeNJACFyybSuuU6MuURDyALQuWZPxHqMjQFTKLiEYaZu7JjxLmtDbbbhaXzgkJ4Yv0lbkTIvRDquzg4NWKB1P/BNZ8Cwoxe9UfFfL+70teB6/gcJtq4bAxHGCULIJ9tbiaQY0VGEtCkUcJR9A4wrYW6gvMMU42iCzpjA3MV4lqF8kXcNP1xmC3fT6NLkiByTU+KSK1Ig96RISoSTZ/JCXsmb9W59Wl/W96Q1ZU1nDsmcrJ8/t8Crsg==</latexit>

•Assume fine-scale perturbations k± = ±


✏
1/2

eζ +
1

2
eη + . . .

<latexit sha1_base64="PeOKUeHTjowANBh4riWtK5n886g="></latexit><latexit sha1_base64="PeOKUeHTjowANBh4riWtK5n886g="></latexit><latexit sha1_base64="PeOKUeHTjowANBh4riWtK5n886g="></latexit><latexit sha1_base64="PeOKUeHTjowANBh4riWtK5n886g="></latexit>

perturbation 

wavenumber

 0 = O(✏), k± = O(✏−1/2), µ = ✏1/2, u → ✏1/2u, ⌫ = 2↵✏
<latexit sha1_base64="NYHxxItzOarXBK8/2MZGxHQVvJU="></latexit>

sinφ =
sin θ

2
<latexit sha1_base64="xc9Z/+pkF1s/wNrNadqoaE0NKMg=">AAACNHicbZDNSgMxFIUz/tb6V3XpwmARXEiZqYJuhIIgLivYKjilZNKME8xkQnKnWIaCG5/Grfougjtx6yOI6bSLtnohcDjnhOR+gRLcgOu+OzOzc/MLi4Wl4vLK6tp6aWOzaZJUU9agiUj0TUAME1yyBnAQ7EZpRuJAsOvg/myQX3eZNjyRV9BTrBWTO8lDTglYq13a8Q2Xvoo4PsV+qAnNcgMiBqSfVfvtUtmtuPngv8IbiTIaTb1d+vE7CU1jJoEKYsyt5yo4SA2TJGbmoNPlyuSylRENnArWL/o2VoTekzt2O154yPfr4z2bd3CYaHsk4Nwdv5SR2JheHNhmTCAy09nA/DdTUc9waiZ/kEJ40sq4VCkwSYevh6nAkOABQdzhmlEQPSsI1dzugGlELDqwnIsWmDeN569oViveYaV6eVSunT8O0RXQNtpF+8hDx6iGLlAdNRBFT+gZvaBX5835cD6dr2F1xhnh3kIT43z/Alp/rSE=</latexit>

ω± = sinφ (1± uκ) + . . .
<latexit sha1_base64="cEfNn1fGt0hewloHckXmkVcyq9c="></latexit>
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Evolution of subharmonics with mean flow

•Therefore, superimpose perturbations onto the primary beam as follows:

 = ✏
n

Q(H)ei(η−ω0t) + c.c.
o

| {z }

ψ0

+
✏3/2



n

A(H,T )ei(k+·x−ω+t) +B(H,T )ei(k−
·x−ω

−
t) + c.c.

o

⇢ = ✏
n

Q(H)ei(η−ω0t) + c.c.
o

| {z }

ρ0

+✏
n

F (H,T )ei(k+·x−ω+t) +G(H,T )ei(k−
·x−ω

−
t) + c.c.

o

<latexit sha1_base64="EOgQLQceyN29+YnBc1PTPUcY9Pc="></latexit>

perturbation envelopes 

(modulated by primary wave)

η,k0
<latexit sha1_base64="2xoai22lb55E+eXhRzDdX4y3Vj4=">AAACJHicbVDLSsNAFJ3UV62PRl26GSyCSCmJCLosunFZwT6gKWEymbRDJ8kwMymG0C9xq36NO3Hhxk8Rp2kWfXhg4HDOudy5x+OMSmVZ30ZpY3Nre6e8W9nbPzismkfHHRknApM2jlkseh6ShNGItBVVjPS4ICj0GOl64/uZ350QIWkcPamUk0GIhhENKEZKS65ZdYhCdehMvMtsPHUt16xZDSsHXCd2QWqgQMs1fx0/xklIIoUZkrJvW1zVE0kiFBJZ9yeUy5wOMiQUxYxMK462OcJjNCT9xcBzfs8Unmvfh0Es9IsUzNXFoQyFUqahp5MhUiO56s3Efz0+SiXFcvkHiQpuBxmNeKJIhOfbg4RBFcNZY9CngmDFUk0QFlTfAPEICYSV7rWiC7NX61knnauGrfnjda15V1RXBqfgDFwAG9yAJngALdAGGCTgBbyCN+Pd+DA+ja95tGQUMydgCcbPH+26pTk=</latexit><latexit sha1_base64="2xoai22lb55E+eXhRzDdX4y3Vj4=">AAACJHicbVDLSsNAFJ3UV62PRl26GSyCSCmJCLosunFZwT6gKWEymbRDJ8kwMymG0C9xq36NO3Hhxk8Rp2kWfXhg4HDOudy5x+OMSmVZ30ZpY3Nre6e8W9nbPzismkfHHRknApM2jlkseh6ShNGItBVVjPS4ICj0GOl64/uZ350QIWkcPamUk0GIhhENKEZKS65ZdYhCdehMvMtsPHUt16xZDSsHXCd2QWqgQMs1fx0/xklIIoUZkrJvW1zVE0kiFBJZ9yeUy5wOMiQUxYxMK462OcJjNCT9xcBzfs8Unmvfh0Es9IsUzNXFoQyFUqahp5MhUiO56s3Efz0+SiXFcvkHiQpuBxmNeKJIhOfbg4RBFcNZY9CngmDFUk0QFlTfAPEICYSV7rWiC7NX61knnauGrfnjda15V1RXBqfgDFwAG9yAJngALdAGGCTgBbyCN+Pd+DA+ja95tGQUMydgCcbPH+26pTk=</latexit><latexit sha1_base64="2xoai22lb55E+eXhRzDdX4y3Vj4=">AAACJHicbVDLSsNAFJ3UV62PRl26GSyCSCmJCLosunFZwT6gKWEymbRDJ8kwMymG0C9xq36NO3Hhxk8Rp2kWfXhg4HDOudy5x+OMSmVZ30ZpY3Nre6e8W9nbPzismkfHHRknApM2jlkseh6ShNGItBVVjPS4ICj0GOl64/uZ350QIWkcPamUk0GIhhENKEZKS65ZdYhCdehMvMtsPHUt16xZDSsHXCd2QWqgQMs1fx0/xklIIoUZkrJvW1zVE0kiFBJZ9yeUy5wOMiQUxYxMK462OcJjNCT9xcBzfs8Unmvfh0Es9IsUzNXFoQyFUqahp5MhUiO56s3Efz0+SiXFcvkHiQpuBxmNeKJIhOfbg4RBFcNZY9CngmDFUk0QFlTfAPEICYSV7rWiC7NX61knnauGrfnjda15V1RXBqfgDFwAG9yAJngALdAGGCTgBbyCN+Pd+DA+ja95tGQUMydgCcbPH+26pTk=</latexit><latexit sha1_base64="2xoai22lb55E+eXhRzDdX4y3Vj4=">AAACJHicbVDLSsNAFJ3UV62PRl26GSyCSCmJCLosunFZwT6gKWEymbRDJ8kwMymG0C9xq36NO3Hhxk8Rp2kWfXhg4HDOudy5x+OMSmVZ30ZpY3Nre6e8W9nbPzismkfHHRknApM2jlkseh6ShNGItBVVjPS4ICj0GOl64/uZ350QIWkcPamUk0GIhhENKEZKS65ZdYhCdehMvMtsPHUt16xZDSsHXCd2QWqgQMs1fx0/xklIIoUZkrJvW1zVE0kiFBJZ9yeUy5wOMiQUxYxMK462OcJjNCT9xcBzfs8Unmvfh0Es9IsUzNXFoQyFUqahp5MhUiO56s3Efz0+SiXFcvkHiQpuBxmNeKJIhOfbg4RBFcNZY9CngmDFUk0QFlTfAPEICYSV7rWiC7NX61knnauGrfnjda15V1RXBqfgDFwAG9yAJngALdAGGCTgBbyCN+Pd+DA+ja95tGQUMydgCcbPH+26pTk=</latexit>

y

u
<latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit>

H

x

g
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Evolution of subharmonics with mean flow

group velocity
nonlinear 


refraction

nonlinear


energy transfer

viscous


dissipation

AT +
1

D

⇣ c

κ
+ u sin θ

⌘

AH + i
c0

8κ2
A+ ακ2A− iκ2δ|Q|2A− γQB⇤

= 0,

BT −

1

D

⇣ c

κ
− u sin θ

⌘

BH + i
c0

8κ2
B + ακ2B − iκ2δ|Q|2B − γQA⇤

= 0,
<latexit sha1_base64="3lIxFFpNHW4R2IcoEcUFt9pcMqU="></latexit>

disperson

• Inserting into governing equations, evolution equation for perturbation envelopes:

•Envelope width D brings out effect of finite width — for no mean flow, return to Karimi & Akylas (2014)


•Leading order effect of mean flow modifies group velocity of subharmonics


•Mean flow breaks symmetry of left-going/right-going perturbations!

What is the effect on PSI growth rates?

!12



•Assume normal mode solutions


•For the top-hat profile,                                        , we can derive an analytic solution


•Using                                                                (laboratory conditions, corresponds to wavelength ~10 cm)

PSI with mean flow — linear stability analysis

Inviscid 

growth rate

Viscosity

(A,B∗) = (a, b∗)eλT
<latexit sha1_base64="dpMglcxCDMUSLm2PY0krjhEyG8U="></latexit>

Q =

(

1/2, |H| ≤ 1/2

0, |H| > 1/2
<latexit sha1_base64="hGeN9wsJTcE6aDgitG0vUZnXT5I="></latexit>

✓ = ⇡/4, ✏ = 0.3, ⌫ = 0.004, D = 5
<latexit sha1_base64="6DJv6QpGs9hb98REdeNZe9seI08="></latexit>

(subharmonics must propagate 

in opposite directions)

κ <
c

u sin θ
<latexit sha1_base64="n2rRuqFNwZuyPWB1HjXn7PxdNlU="></latexit><latexit sha1_base64="n2rRuqFNwZuyPWB1HjXn7PxdNlU="></latexit><latexit sha1_base64="n2rRuqFNwZuyPWB1HjXn7PxdNlU="></latexit><latexit sha1_base64="n2rRuqFNwZuyPWB1HjXn7PxdNlU="></latexit>

Mean flow sets necessary condition for PSI 

(stabilizes high wavenumbers)

u = 0.2
<latexit sha1_base64="9OsllyEaiahU+nGHmuRDVKJMsdI=">AAACJXicbVDLSsNAFJ34rPUVdelmsAguSkiqoBuh4EZ3FewD2lImk0k7dDIJM5NiCP0Tt+rXuBPBlX8iTtIs+vDAwOGcc7lzjxsxKpVtfxtr6xubW9ulnfLu3v7BoXl03JJhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2O77L/PaECElD/qSSiPQDNOTUpxgpLQ1MsxdqO5tO4+mtbdUGZsW27BxwlTgFqYACjYH52/NCHAeEK8yQlF3HjlQ1loSjgMiqN6GRzGk/RUJRzMi03NN2hPAYDUl3PvCcHzSF59r3oB8K/biCuTo/lKJAyiRwdTJAaiSXvUz814tGiaRYLv4gVv5NP6U8ihXheLbdjxlUIcwqgx4VBCuWaIKwoPoGiEdIIKx0sWVdmLNczypp1Szn0qo9XlXqD0V1JXAKzsAFcMA1qIN70ABNgMEEvIBX8Ga8Gx/Gp/E1i64ZxcwJWIDx8wd1RqYW</latexit>

u = 0
<latexit sha1_base64="v3si8rTJZfw6WZHoV7wbUpcOJjY=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KGWmCroRCm50V8E+oK0lk8m0oZlkSDLFofQ/3Kpf407cif8iZqaz6MMDgcM553JzjxsyqrRtf1u5tfWNza38dmFnd2//oHh41FQikpg0sGBCtl2kCKOcNDTVjLRDSVDgMtJyR7eJ3xoTqajgjzoOSS9AA059ipE20lNXGDOZnUTTG7tfLNkVOwVcJU5GSiBDvV/87XoCRwHhGjOkVMexQ12OFOEoIKrsjWmoUtqbIKkpZmRa6Bo7RHiEBqQzH3hOj5nCM+N70BfSPK5hqs4PTVCgVBy4JhkgPVTLXiL+64XDWFGsFn8Qaf+6N6E8jDTheLbdjxjUAiZ1QY9KgjWLDUFYUnMDxEMkEdam1IIpzFmuZ5U0qxXnolJ9uCzV7rPq8uAEnIJz4IArUAN3oA4aAAMJXsAreLPerQ/r0/qaRXNWNnMMFmD9/AEAV6Vx</latexit>

!13

(using values above, 
corresponds to ~1 mm/s)



PSI growth rates for varying mean flow

Increasing background mean flow shrinks window of instability and reduces growth rate!

Inviscid case
Inviscid case

Viscous case Viscous case

!14



• Weakly nonlinear interaction between an nearly monochromatic internal wave 

beam and fine-scale subharmonic perturbations (PSI) with small background 

mean flow 

• Mean flow introduces max wavenumber limit for instability (i.e. high wavenumbers 

are stabilized)


• Mean flow reduces PSI growth rates and shrinks window of unstable wavenumbers


• Published in JFM (Fan & Akylas 2019) 

Nearly monochromatic PSI with mean flow — summary & conclusions

!15



• With background rotation, beams with general profile can be unstable to PSI 

• Requires that primary wave frequency ~ 2f

• Perturbations at half the primary frequency are near-inertial — vanishing group velocity!

• For small mean flow, effect of mean flow on primary beam is small — take slice model to 

analyze effect of mean flow on evolution of perturbations 

Near-inertial PSI with mean flow

(ω0 − u|k| sin θ)2 = sin2 θ
<latexit sha1_base64="sXyvQ1Z5LrVp4DYBIZMZwupjtyE="></latexit>

Dispersion relation
ζ

<latexit sha1_base64="0GuH8xQQ9n+OF6/XP72AjFAW2R0=">AAACGHicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsKpi20pUwmk3boZBJmboqx9Bvcql/jTty682fEaZpFHx4YOJxzLnfu8WLBNdj2j7W2vrG5tV3YKe7u7R8clo6OGzpKFGUujUSkWh7RTHDJXOAgWCtWjISeYE1veDf1myOmNI/kI6Qx64akL3nAKQEjuZ1nBqRXKttVOwNeJU5OyihHvVf67fgRTUImgQqidduxY6gkmkkSMl3xRzzWGe2OiQJOBZsUO8aOCR2SPmvPB56yGyb43Pg+DiJlngScqfNDYxJqnYaeSYYEBnrZm4r/evEg1ZzqxR8kENx0x1zGCTBJZ9uDRGCI8LQl7HPFKIjUEEIVNzdgOiCKUDBdFk1hznI9q6RxWXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHbmIIo5e0Ct6s96tD+vT+ppF16x85gQtwPr+A5NeoYI=</latexit><latexit sha1_base64="0GuH8xQQ9n+OF6/XP72AjFAW2R0=">AAACGHicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsKpi20pUwmk3boZBJmboqx9Bvcql/jTty682fEaZpFHx4YOJxzLnfu8WLBNdj2j7W2vrG5tV3YKe7u7R8clo6OGzpKFGUujUSkWh7RTHDJXOAgWCtWjISeYE1veDf1myOmNI/kI6Qx64akL3nAKQEjuZ1nBqRXKttVOwNeJU5OyihHvVf67fgRTUImgQqidduxY6gkmkkSMl3xRzzWGe2OiQJOBZsUO8aOCR2SPmvPB56yGyb43Pg+DiJlngScqfNDYxJqnYaeSYYEBnrZm4r/evEg1ZzqxR8kENx0x1zGCTBJZ9uDRGCI8LQl7HPFKIjUEEIVNzdgOiCKUDBdFk1hznI9q6RxWXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHbmIIo5e0Ct6s96tD+vT+ppF16x85gQtwPr+A5NeoYI=</latexit><latexit sha1_base64="0GuH8xQQ9n+OF6/XP72AjFAW2R0=">AAACGHicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsKpi20pUwmk3boZBJmboqx9Bvcql/jTty682fEaZpFHx4YOJxzLnfu8WLBNdj2j7W2vrG5tV3YKe7u7R8clo6OGzpKFGUujUSkWh7RTHDJXOAgWCtWjISeYE1veDf1myOmNI/kI6Qx64akL3nAKQEjuZ1nBqRXKttVOwNeJU5OyihHvVf67fgRTUImgQqidduxY6gkmkkSMl3xRzzWGe2OiQJOBZsUO8aOCR2SPmvPB56yGyb43Pg+DiJlngScqfNDYxJqnYaeSYYEBnrZm4r/evEg1ZzqxR8kENx0x1zGCTBJZ9uDRGCI8LQl7HPFKIjUEEIVNzdgOiCKUDBdFk1hznI9q6RxWXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHbmIIo5e0Ct6s96tD+vT+ppF16x85gQtwPr+A5NeoYI=</latexit><latexit sha1_base64="0GuH8xQQ9n+OF6/XP72AjFAW2R0=">AAACGHicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsKpi20pUwmk3boZBJmboqx9Bvcql/jTty682fEaZpFHx4YOJxzLnfu8WLBNdj2j7W2vrG5tV3YKe7u7R8clo6OGzpKFGUujUSkWh7RTHDJXOAgWCtWjISeYE1veDf1myOmNI/kI6Qx64akL3nAKQEjuZ1nBqRXKttVOwNeJU5OyihHvVf67fgRTUImgQqidduxY6gkmkkSMl3xRzzWGe2OiQJOBZsUO8aOCR2SPmvPB56yGyb43Pg+DiJlngScqfNDYxJqnYaeSYYEBnrZm4r/evEg1ZzqxR8kENx0x1zGCTBJZ9uDRGCI8LQl7HPFKIjUEEIVNzdgOiCKUDBdFk1hznI9q6RxWXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHbmIIo5e0Ct6s96tD+vT+ppF16x85gQtwPr+A5NeoYI=</latexit>

φ
<latexit sha1_base64="He7dkK22J51Ja7e+nBIYeBqTL9c=">AAACF3icbVDLSsNAFL2pr1pfVZdugkVwUUoigi6LblxWsA9oS5lMJs3QyWSYmRRD6S+4Vb/Gnbh16c+IkzaLPjwwcDjnXO7c4wlGlXacH6uwsbm1vVPcLe3tHxwelY9PWipOJCZNHLNYdjykCKOcNDXVjHSEJCjyGGl7o/vMb4+JVDTmTzoVpB+hIacBxUhnUk+EdFCuODVnBnuduDmpQI7GoPzb82OcRIRrzJBSXdcRupoowlFEVNUfU6FmtD9BUlPMyLTUM7ZAeISGpLsYeJ6dMLUvjO/bQSzN49qeqYtDExQplUaeSUZIh2rVy8R/PRGmimK1/INEB7f9CeUi0YTj+fYgYbaO7awk26eSYM1SQxCW1Nxg4xBJhLWpsmQKc1frWSetq5rr1NzH60r9Lq+uCGdwDpfgwg3U4QEa0AQMIbzAK7xZ79aH9Wl9zaMFK585hSVY33+qaaEF</latexit><latexit sha1_base64="He7dkK22J51Ja7e+nBIYeBqTL9c=">AAACF3icbVDLSsNAFL2pr1pfVZdugkVwUUoigi6LblxWsA9oS5lMJs3QyWSYmRRD6S+4Vb/Gnbh16c+IkzaLPjwwcDjnXO7c4wlGlXacH6uwsbm1vVPcLe3tHxwelY9PWipOJCZNHLNYdjykCKOcNDXVjHSEJCjyGGl7o/vMb4+JVDTmTzoVpB+hIacBxUhnUk+EdFCuODVnBnuduDmpQI7GoPzb82OcRIRrzJBSXdcRupoowlFEVNUfU6FmtD9BUlPMyLTUM7ZAeISGpLsYeJ6dMLUvjO/bQSzN49qeqYtDExQplUaeSUZIh2rVy8R/PRGmimK1/INEB7f9CeUi0YTj+fYgYbaO7awk26eSYM1SQxCW1Nxg4xBJhLWpsmQKc1frWSetq5rr1NzH60r9Lq+uCGdwDpfgwg3U4QEa0AQMIbzAK7xZ79aH9Wl9zaMFK585hSVY33+qaaEF</latexit><latexit sha1_base64="He7dkK22J51Ja7e+nBIYeBqTL9c=">AAACF3icbVDLSsNAFL2pr1pfVZdugkVwUUoigi6LblxWsA9oS5lMJs3QyWSYmRRD6S+4Vb/Gnbh16c+IkzaLPjwwcDjnXO7c4wlGlXacH6uwsbm1vVPcLe3tHxwelY9PWipOJCZNHLNYdjykCKOcNDXVjHSEJCjyGGl7o/vMb4+JVDTmTzoVpB+hIacBxUhnUk+EdFCuODVnBnuduDmpQI7GoPzb82OcRIRrzJBSXdcRupoowlFEVNUfU6FmtD9BUlPMyLTUM7ZAeISGpLsYeJ6dMLUvjO/bQSzN49qeqYtDExQplUaeSUZIh2rVy8R/PRGmimK1/INEB7f9CeUi0YTj+fYgYbaO7awk26eSYM1SQxCW1Nxg4xBJhLWpsmQKc1frWSetq5rr1NzH60r9Lq+uCGdwDpfgwg3U4QEa0AQMIbzAK7xZ79aH9Wl9zaMFK585hSVY33+qaaEF</latexit><latexit sha1_base64="He7dkK22J51Ja7e+nBIYeBqTL9c=">AAACF3icbVDLSsNAFL2pr1pfVZdugkVwUUoigi6LblxWsA9oS5lMJs3QyWSYmRRD6S+4Vb/Gnbh16c+IkzaLPjwwcDjnXO7c4wlGlXacH6uwsbm1vVPcLe3tHxwelY9PWipOJCZNHLNYdjykCKOcNDXVjHSEJCjyGGl7o/vMb4+JVDTmTzoVpB+hIacBxUhnUk+EdFCuODVnBnuduDmpQI7GoPzb82OcRIRrzJBSXdcRupoowlFEVNUfU6FmtD9BUlPMyLTUM7ZAeISGpLsYeJ6dMLUvjO/bQSzN49qeqYtDExQplUaeSUZIh2rVy8R/PRGmimK1/INEB7f9CeUi0YTj+fYgYbaO7awk26eSYM1SQxCW1Nxg4xBJhLWpsmQKc1frWSetq5rr1NzH60r9Lq+uCGdwDpfgwg3U4QEa0AQMIbzAK7xZ79aH9Wl9zaMFK585hSVY33+qaaEF</latexit>

u
<latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit>

ω0
<latexit sha1_base64="+h/wyVpdI0qeK8PxBE8/2MHuPR4=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4KGVGBV0WdOGygn1IW0omk2lD8xiSTHEo/Qq36te4E7eCPyOm01n04YHA4ZxzubnHjxjVxnV/nNza+sbmVn67sLO7t39QPDxqaBkrTOpYMqlaPtKEUUHqhhpGWpEiiPuMNP3h7dRvjojSVIpHk0Sky1Ff0JBiZKz01JGc9FHPhb1iya24KeAq8TJSAhlqveJvJ5A45kQYzJDWbc+NTDnWRCBOdDkY0UintDtGylDMyKTQsXaE8BD1SXs+8JzeMYFn1g9gKJV9wsBUnR8aI651wn2b5MgM9LI3Ff/1okGiKdaLP4hNeNMdUxHFhgg82x7GDBoJp03BgCqCDUssQVhRewPEA6QQNrbPgi3MW65nlTQuKt5lxX24KlXvsury4AScgnPggWtQBfegBuoAAw5ewCt4c96dD+fT+ZpFc042cwwW4Hz/AentorI=</latexit>

g

η
y

x

θ
<latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="2xq7ZrZcuilRS3aYiMTGBxBuV+w=">AAACBXicbZDLSgMxGIX/qbc6Vq1rN8EiuCgl40aXghuXFewF2lIymUwbmsmEJFMcSl/ArT6NO/EpfBkxnXbRiwcCh3P+kD9fqAQ3FuMfr7S3f3B4VD72Tyr+6dl5tdI2aaYpa9FUpLobEsMEl6xluRWsqzQjSShYJ5w8LvrOlGnDU/lic8UGCRlJHnNKrIuaw2oNN3AhtGuClanBSsPqbz9KaZYwaakgxvQCrGw9M0yShJl6NOXKFHYwI9pyKtjc77taETohI9ZbH3gttp+ja9dHKE61O9KiIl2/NCOJMXkSusmE2LHZ7hbhv50a54ZTs7lBZuP7wYxLlVkm6fL1OBPIpmjBB0VcM2pF7gyhmrs/IDommlDrKPqOV7BNZ9e0bxsBbgTPGMpwCVdwAwHcwQM8QRNaQCGCN3j3PrxP72vJteStAF/AhrzvP4hYnNI=</latexit><latexit sha1_base64="MBmKhRQIdPwgT/a+4JspZRVogZU=">AAACDnicbZDNSgMxFIXv+Ftr1erWTbAILkqZcaNLwY3LCvYH2lIymUwbm8kMyZ3iUPoObtWncSe+gS8jptMu+uOBwOGcG5L7+YkUBl33x9na3tnd2y8cFA9LR8cn5dNS08SpZrzBYhnrtk8Nl0LxBgqUvJ1oTiNf8pY/up/1rTHXRsTqCbOE9yI6UCIUjKKNml0ccqT9csWtubnIpvEWpgIL1fvl324QszTiCpmkxnQ8N8FqariiETfVYCwSk9vehGoUTPJpsWvrhLIRHfDO8sBLvsSUXNo+IGGs7VFI8nT50oRGxmSRbycjikOz3s3Cf7tkmBnBzOoPUgxvexOhkhS5YvPXw1QSjMkMEwmE5gxlZg1lWtgdCBtSTRlamEULzFvHs2ma1zXPrXmPLhTgHC7gCjy4gTt4gDo0gMEzvMIbvDsfzqfzNUe75SwYn8GKnO8/Z16gag==</latexit><latexit sha1_base64="MBmKhRQIdPwgT/a+4JspZRVogZU=">AAACDnicbZDNSgMxFIXv+Ftr1erWTbAILkqZcaNLwY3LCvYH2lIymUwbm8kMyZ3iUPoObtWncSe+gS8jptMu+uOBwOGcG5L7+YkUBl33x9na3tnd2y8cFA9LR8cn5dNS08SpZrzBYhnrtk8Nl0LxBgqUvJ1oTiNf8pY/up/1rTHXRsTqCbOE9yI6UCIUjKKNml0ccqT9csWtubnIpvEWpgIL1fvl324QszTiCpmkxnQ8N8FqariiETfVYCwSk9vehGoUTPJpsWvrhLIRHfDO8sBLvsSUXNo+IGGs7VFI8nT50oRGxmSRbycjikOz3s3Cf7tkmBnBzOoPUgxvexOhkhS5YvPXw1QSjMkMEwmE5gxlZg1lWtgdCBtSTRlamEULzFvHs2ma1zXPrXmPLhTgHC7gCjy4gTt4gDo0gMEzvMIbvDsfzqfzNUe75SwYn8GKnO8/Z16gag==</latexit><latexit sha1_base64="MgTS5o53mnOyTX5cZZQB2TT9HSQ=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqKqEBcYKFsYi0YfUVpXjOI2p40T2TUVU9R9Yga9hQ6xM/AzCTTP0wZEsHZ1zrq7vcWPBNdj2j1XY2Nza3inulvb2Dw6PyscnLR0lirImjUSkOi7RTHDJmsBBsE6sGAldwdru6G7mt8dMaR7JR0hj1g/JUHKfUwJGavUgYEAG5YpdszPgdeLkpIJyNAbl354X0SRkEqggWncdO4ZqopkkIdNVb8xjndH+hCjgVLBpqWfsmNARGbLuYuA5O2KKL4zvYT9S5knAmbo4NCGh1mnommRIINCr3kz814uDVHOql3+QgH/Tn3AZJ8AknW/3E4EhwrOasMcVoyBSQwhV3NyAaUAUoWDKLJnCnNV61knrqubYNefBrtRv8+qK6Aydo0vkoGtUR/eogZqIoif0gl7Rm/VufVif1tc8WrDymVO0BOv7D16boeo=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit><latexit sha1_base64="WLYlN7BevBrbRSOyXhwgb3Lsbao=">AAACGXicbVDLSsNAFJ34rPVVdelmsAguSklE0GXRjcsK9gFtKZPJpBk7mYSZm2Io/Qe36te4E7eu/BlxmmbRhwcGDuecy5173FhwDbb9Y62tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbZdoJrhkDeAgWDtWjISuYC13eDf1WyOmNI/kI6Qx64VkILnPKQEjNbsQMCD9Utmu2hnwKnFyUkY56v3Sb9eLaBIyCVQQrTuOHUMl0UySkOmKN+KxzmhvTBRwKtik2DV2TOiQDFhnPvCcHTHB58b3sB8p8yTgTJ0fGpNQ6zR0TTIkEOhlbyr+68VBqjnViz9IwL/pjbmME2CSzrb7icAQ4WlN2OOKURCpIYQqbm7ANCCKUDBlFk1hznI9q6R5WXXsqvNwVa7d5tUV0Ck6QxfIQdeohu5RHTUQRU/oBb2iN+vd+rA+ra9ZdM3KZ07QAqzvP1/boe4=</latexit>

u
<latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit><latexit sha1_base64="6yAqLObbHbZqvBbnpTgMwcYXwPs=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXpcyIoMuiG5cV7APaoWQymTY0k4lJpjgM/Q636te4E5f6MWJmOos+PBA4nHMuN/d4glGlbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtFcUSkxaOWCS7HlKEUU5ammpGukISFHqMdLzxXeZ3JkQqGvFHnQjihmjIaUAx0kZy+5Exs9k0nsJBpWrX7RxwlTgFqYICzUHlt+9HOA4J15ghpXqOLXQtVoSjkKiaP6FC5dRNkdQUMzIt940tEB6jIenNB57zW6bw3Pg+DCJpHtcwV+eHUhQqlYSeSYZIj9Syl4n/emKUKIrV4g9iHdy4KeUi1oTj2fYgZlBHMGsL+lQSrFliCMKSmhsgHiGJsDadlk1hznI9q6R9WXfsuvNwVW3cFtWVwCk4AxfAAdegAe5BE7QABk/gBbyCN+vd+rA+ra9ZdM0qZk7AAqyfP1BdpQ8=</latexit>

cg
<latexit sha1_base64="9XSTtzqK/wCiMeFLrfmMbYm5nk8=">AAACHHicbVDLSgMxFM34rPVVdekmWASRUmZU0GVBFy4r2Ie0pWQyaRuaZEKSKQ5Dv8Kt+jXuxK3gz4jpdBZ9eCBwOOdcbu7xJaPauO6Ps7K6tr6xmdvKb+/s7u0XDg7rOowUJjUcslA1faQJo4LUDDWMNKUiiPuMNPzh7cRvjIjSNBSPJpakw1Ff0B7FyFjpqT3yzxM87va7haJbdlPAZeJlpAgyVLuF33YQ4ogTYTBDWrc8V5pSpIlAnOhSMKJSp7STIGUoZmScb1tbIjxEfdKaDTynd4zhqfUD2AuVfcLAVJ0dShDXOua+TXJkBnrRm4j/enIQa4r1/A8i07vpJFTIyBCBp9t7EYMmhJOmYEAVwYbFliCsqL0B4gFSCBvbZ94W5i3Ws0zqF2Xvsuw+XBUrd1l1OXAMTsAZ8MA1qIB7UAU1gAEHL+AVvDnvzofz6XxNoytONnME5uB8/wGeFaMd</latexit>
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Near-inertial PSI with mean flow — formulation

!0 = 2f + �✏

!± =
!0

2
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k0 = O(1)

k± = ±


✏
1/2

êy +O(1)
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Frequency Wavenumber

Primary beam

Perturbations

(

ψ+ = A(x, y, T )eiy/✏
1/2

e−i!0t/2 + c.c.

ψ
−
= B(x, y, T )e−iy/✏1/2e−i!0t/2 + c.c.
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 0 = ✏
�

Q(⌘)e−iω0t + c.c.
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Viscous 

dissipation
Detuning

Mean flow 

advection
Dispersion

Nonlinear 

refraction

Nonlinear 

energy transfer
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σ

2
)A+ u sin θAη − i
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2κ2
Aηη − iκ2δ|Qη|

2A+ γQηηB
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T
+ (ακ2 + i

σ

2
)B⇤ + u sin θB⇤

η
+ i

c0

2κ2
B⇤

ηη
+ iκ2δ|Qη|

2B⇤ + γQ⇤

ηη
A = 0
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Detuning

Wavenumber 

parameter Ansatz

• Derive evolution equations in the distinguished limit — balance between effects of mean flow, weak 

nonlinearity, dispersion, and viscosity
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• Performing a linear stability analysis using locally confined 

(Gaussian-like) profile, PSI growth rates are shown:

Near-inertial PSI with mean flow — preliminary results

Inviscid (e.g. oceanic) (e.g. laboratory) (e.g. laboratory)

!0 = 2f + ✏�
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Primary wave 

beam frequency
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Re =
10
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Re =
2
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    is nondimensional amplitude 

(typically ~0.1 in laboratory)

✏
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Concluding remarks

• In the weakly nonlinear limit, presence of background mean flow weakens PSI 

• Without background rotation, mean flow introduces additional necessary condition 

for instability for nearly monochromatic waves and reduces PSI growth rates (Fan & 

Akylas 2019)


• With background rotation, mean flow also reduces PSI growth rates (Fan & Akylas, 

in preparation)


• Situation is complicated when allowing for sub-inertial perturbations (              ) 

and is currently under investigation

ω0/2 < f
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